
 !"#$ % !"# $%&#&#'% !" #$%#&'# ()*+'+, !"# $%
"'"($!$)$* +,)"'"#$% -./0-01 .'2.3"%$% 4.#5"#$%("% (.4. 67+ ("!$'-"1 7%8'.#0A,B, . . . ,W 9$3$ 4.#5"#'" :")-$' "("3$'$#$*;  !"# "'$)$*(" .'3"%$% 4.#5"#$%("%(.4. 67+ <" -./0'.#0 n :.%" 7'.% +,)"'"# <.#-.1 3= +,)"'"#$ A1, A2, . . . , An-$)9"'"#$/'" :")-$' "("3$'$#$*; >= (=#=)(.1 4"# 3$# Ai (i = 1, 2, . . . , n) +,)"-$
i $'" $%($-'"%)$?:$# @(.)9.'.%)0?:0#A1 ($/"
"!$*; B$)($ 3= +.<#.)0 3$#.* (.4.9"%"''"?:$#"'$); C"#4.%9$ 3$# I +,)"-$ (,?,%"'$); C"# i ∈ I D!"-$%" +.#?0'0+ 3$#
Ai +,)"-$ <.# 7'-=%; >,:,% 3= +,)"'"#("% 7'=?.% :7E'='=!= A $'" 9D-:"#"'$);

A = {Ai | i ∈ I} @F;GA7'-=%; @F;GA 9"#"!$%
"1 A :7E'='=!=1 D!"'"#$ Ai +,)"'"#$ 7'.% 3$# +,)"($#; H%
.+IJ,)"'"#$% +,)"-$I +.<#.)01 3$*$1 $'"#$(" .60+'./.
.!0)0*  !""#$ %&'&()*"!+&9D:,#(,!, $6$%1 3= ("/$)$ +=''.%)./.
.+1 3=%=% /"#$%"1 A /. 3$# ,*-.#$#'&/$#"/, 1 3$# ,*-.#$#' 0)%$!$!1!, /. (. 3$# ,"2+23, ($/"
"!$*; >=#.(. I +,)"8-$%" .$'"%$% $%($- @(.)9.1 $%("KA +,)"-$1 4"# 3$# Ai +,)"-$%" i $'" $%($-'"%)$?@(.)9.'.%)0?A +,)" <" 4"#3$# i ∈ I D!"-$%" (" 3$# $%($- ($/"
"!$*;>= .$'"/$ 3.*.%
A = {Ai}i∈I @F;LA3$6$)$%(" /.*.
.!0*; C.::M1 .$'"/$ 7'=?:=#.% +,)"'"# A1, A2, . . . , An ?"+'$%("/-"13=%=

{A1, A2, . . . , An} @F;NA($/" (" 9D-:"#"3$'$#$*; !"!" #$%&'&( )*'&+*,*, -*'&.*%*>$# A = {Ai | i ∈ I} .$'"-$ <"#$'-$%; >= .$'"%$% 3$'"?$)$ D/'" 3$# +,)"($# +$1 3$# xD!"-$%$% 3= 3$'"?$)" .$: 7').-0 $6$% 9"#"+'$ <" /":"#'$ +7?='1 "% .* 3$# α ∈ I $6$%OF



 !  !"#$ %& '#$( )*"("(+*
x ∈ Aα "#$%&'(')* +, -.#/0.$.

∪A =
⋃

A∈A

A =
⋃

i∈I

Ai =
⋃

i∈I

{Ai | i ∈ I} 12*34&.$5/#/).6(/6 -.).&.7#/ 8/$&.# /(/
/:.;* +.#/0.$ 8%6'$'6' &.$5/#/)#/ %<'=#%$%=.&8/)&/=>
∪A =

⋃

i∈I

Ai = {x | ∃α(α ∈ I) ∧ (x ∈ Aα)} 12*?47%;%-.#.).;* +,)%(%> &%: 7%6(%=. .@%(/7. 0A7#/ "=,7%
%:';B CDE$/6.6 .</)(.:. xA:/#/). 0, A;/#.:/ &%F.G8.)B A7#/ -.) α H%) =.> α I .6(.& =E$/&.6/ H/ x .&/ Aα=E$/&.6/ %.88.)C*+,)%(%> I .6(.& =E$/&. .=. A:/#. .&/ 12*?4 .@%(/&.> A;/# "#%)%=> 1?*I4 -.<.$.6.%#')* !"!# $%&'(') *+(',+-+- *)./',+0++.) A = {Ai | i ∈ I} %.#/&. H/).#&.6* +, %.#/6.6 %)%=/&.8. A7#/ -.) =E$/(.) =.> -.)
x A:/&.6.6 -, %)%=/&.8/ %.8 "#$%&' .<.6 5/)/=#. H/ 7/8/)#. ="0,# F/) -.) α ∈ I .<.6
x ∈ Aα "#$%&'(')* +, %)%=/&.8.

∩A =
⋂

A∈A

A =
⋂

i∈I

Ai =
⋂

i∈I

{Ai | i ∈ I} 12* 4&.$5/#/).6(/6 -.).&.7#/ 8/$&.# /(/
/:.;* J)%=/&.8 8%6'$'6' &.$5/#/)#/ %<'=#%$%=.&8/)&/=>
∩A =

⋂

i∈I

Ai = {x | ∃α((α ∈ I)⇒ (x ∈ Aα))} 12*247%;%-.#.).;* +,)%(%> &%: 7%6(%=. .@%(/7. 0A7#/ "=,7%
%:';B CDE$/6.6 .</)(.:. xA:/#/). 0, A;/#.:/ &%F.G8.)B F/) α A:/&. .<.6> α 6'6 I .6(.& =E$/&.6/ %.8 "#$%&'> xA:/&.6.6 Aα =E$/&.6/ %.8 "#$%&'6' 5/)/=8.).)C*+,)%(%> I .6(.& =E$/&. .=. A:/#. .&/ 12*24 .@%(/&.> A;/# "#%)%=> 1?*K4 -.<.$.6.%#')* !"!1 *2)3/ *+('+.) A = {Ai | i ∈ I} %.#/&. H/).#&.6* L:/) -, %.#/7. "#,08,)%6 =E$/#/) .=.0/) .=.0/)-.)-.)#/).6(/6 %7)'= .&/#/)M 7%6.
(α, β ∈ I) ∧ (α 6= β)⇒ Aα ∩Aβ = ∅ 12*!4.&/> A %.#/&.6/ %7)'=8')> (/6.#.)*



 !"! #$%#&'# ()*+'+,  ! !"!# $%&&'( $)*'+,"#$ A %&'()#*#* %+,,(- %&'()#. A */* 0&-&* 12- %&'(2($#*#* 1#2()#3#$4 "+*+
P(A) )#'5()#62( -(')#2 (3(
(8#9: 61*#

P(A) = {Y |Y ⊂ A} ;<4!=3/$4 !"#!$ >4?4@ 5($(8#*
( 0AB %&'( A */* 0#$ 12- %&'()#3#$ : 61*# ∅ ⊂ A 3/$4CD123( ∅ ∈P(A) 3/$4 E$*(8#*. A = {a, b} %&'()#*#* %+,,(- %&'()#
P(A) = {∅, {a}, {b}, {a, b}}3#$4 !"!- ./( .,/'"#$ A = {Ai | i ∈ I} 1#2()# ,($#2)#*4 F8($ J ⊂ I #)(

B = {Aj |j ∈ J} ;<4@G=1#2()#*(. P(A) */* 0#$ 12- 1#2()#. 3(*#2#$ ,( P(B) ⊂P(A) )#'5()#62( 5H)-($#2#$4 !"!0 1,2 $)*'3,3 .42565*5 !"#$ %&'&'& "AB A2'161* 0#$ A %&'()# ,($#2)#*4 IB18/31%# H9(2#%2($( )1D#J0#$ A 1#2()#*( A %&'()#*#* 0#$  !"#$#%# 3(*#2#$K;#= A 61 1#- %&'(2($ A */* 12- %&'()#3#$2($4;##= "AB %&'( A 1#2()#*( 1#- 3(8#23#$4;###= A 1#2()# 16$/%-/$4;#,= A 1#2()#*#* 0#2(B#'# A %&'()#*( (B#--#$"+*+ )#'5(2($2( 1L/%21'1% #)-($)(% BH62( 3#6(0#2#$#9K IB18/31%# H9(2#%2($()1D#J A 1#2()#*( A %&'()#*#* 0#$  !"#$#%#&#". 3(*#2#$K;#= A ⊂P(A);##= ∅ /∈ A;###= (α, β ∈ I) ∧ (α 6= β)⇒ Aα ∩ Aβ = ∅;#,= A = ∪A"+$131* D('(* 1*21B/23/8/ &9($( A 1#2()# A %&'()#*#* 0#$ 16$/B/'/ #)(. A*/* D($ H8()#. A 61 1#- 0#$ ,( 612*/9
1 0#$ %&'( -1$1M/*31* #L($#2#$4



 !  !"#$ %& '#$( )*"("(+* !"! #$% &'()*$* +%,'-'"#$ A %&'()# #*( +#$ B = {Bi | i ∈ I} ,#*()# -($#*)#./ 01($
A ⊂

⋃

B∈B

B =
⋃

i∈I

Bi 2 /3345*675$),8 -($#*(. ,#*(7( A %&'()#.#. +#$  !"#$#%#!8 9(.#*#$/ !"#!$ %&'&'& &'! ()* +',-.'. +!+/-$'"' -0!-.$-, /#1-2-3 (',-*'1' '$- ()* /#41-2- -*'""'!5 !"#$%"#$ A ,#*()#.#. +5: +#$ ,#*( 5*',); 9('(%8 A ,#*()#.( ,#< =#>+#$ %&'( 75%9('(%<#$/ ",:%, +#$ 9(7#:*(
A = {Ai | i ∈ ∅} 2 /3?4,#*()# +5: +#$ ,#*(9#$/
⋂

i∈∅

Ai = E 2 /3@4
⋃

i∈∅

Ai = ∅ 2 /3A45*9616.6 BC)<($(
(1#E/ 2 / 4 -( 2 /F4 B($(1#.
(2#4 y ∈
⋂

i∈∅Ai ⇔ ∀α(α ∈ ∅)⇒ (y ∈ Aα)2##4 y ∈
⋃

i∈∅Ai ⇔ ∃β(β ∈ ∅) ∧ (y ∈ Aβ)5*9616.6 +#*#75$6E/ G#'9# ),1 7,.9,%# C.($'(*($# ,7$; ,7$; #.
(*(7(*#'8 "#$#.
#9(
α ∈ ∅ C.($'()# 7,.*;: 5*9616.9,.8 2?/A4 %6$,**,$; B($(1#.
(8 (-$(.)(* %&'(7(,#< =($ y C1()# #>#. (α ∈ ∅)⇒ (y ∈ Aα) C.($'()# =($ E,',. 951$696$ 2<5<5*5H#8>(*#:'(E4/ I =,*9( 2 /3@4 ),1*,.;$/J%#.
#9( (β ∈ ∅) 7,.*;: +#$ C.($'( 5*9616.9,.8 B(.( 2?/34 %6$,**,$; B($(1#.
(8(-$(.)(* %&'(7( ,#< =($ y C1()# #>#. (β ∈ ∅) ∧ (y ∈ Aα) C.($'()# =($ E,',.7,.*;:<;$ 25*',E*;%8 >(*#:%#4/ K('(% %# +#*(:#'( ,#< =#> +#$ C1( 75%<6$/ I =,*9(2 /3A4 ),1*,.;$/()!#$! %&'&' 2L(.(**(:'#B 9( M5$B,. N6$,*;4& &'!

A = {Ai | i ∈ I}+',-$' '6'. +*+78%+/' -*'",'/,-! $+7,+.8!9
(

⋃

i∈I

Ai

)′

=
⋂

i∈I

A′i 2 /3F4
(

⋂

i∈I

Ai

)′

=
⋃

i∈I

A′i 2 /3O4



 !"! #$%#&'# ()*+'+,  ! !"#$%  !"#$%&
x ∈

(

⋃

i∈I

Ai

)′

⇔ x /∈

(

⋃

i∈I

Ai

)

⇔ ¬{∃α(α ∈ I) ∧ (x ∈ Aα)}

⇔ {∀α(α ∈ I)⇒ (x /∈ Aα)}

⇔ {∀α(α ∈ I)⇒ (x ∈ A′α)}

⇔ x ∈

(

⋃

i∈I

A′i

) !"#$%  !"#'%& "#$%&'(%$)*+ ,+*-+& ./00% .%1'0%,)0+* ,# )21%3 45&+*
).+ ,)&%0'73'&8% /0%&%$ ,'&%$'08'73'&9()*+,* !"#"- :;+*+00+78)< =%5'08% >#&%0'?" A = {Ai | i ∈ I}  ! B =
{Bj | j ∈ J} "#$!$!%# #&#' "(")*+",# !(#-$#,$!% .")$"'*%/

(

⋃

i∈I

Ai

)

∩





⋃

j∈J

Bj



 =
⋃

i∈I





⋃

j∈J

(Ai ∩Bj)



 : 9! ?
=
⋃

j∈J

(

⋃

i∈I

(Ai ∩Bj)

)

(

⋂

i∈I

Ai

)

∪





⋂

j∈J

Bj



 =
⋂

i∈I





⋂

j∈J

(Ai ∪Bj)



 : 9!@?
=
⋂

j∈J

(

⋂

i∈I

(Ai ∪Bj)

) !"#$%  !"#!%&
x ∈

(

⋃

i∈I

Ai

)

∩





⋃

j∈J

Bj



⇔ x ∈

(

⋃

i∈I

Ai

)

∧ x ∈





⋃

j∈J

Bj





⇔ ∃α((α ∈ I) ∧ (x ∈ Aα)) ∧ ∃β((β ∈ J) ∧ (x ∈ Bβ))

⇔ ∃α((α ∈ I) ∧ ∃β(β ∈ J)) ∧ (x ∈ Aα ∩Bβ)

⇔ ∃α((α ∈ I) ∧



x ∈
⋃

j∈J

(Ai ∩Bj)





⇔ x ∈
⋃

i∈I





⋃

j∈J

((Ai ∩Bj)



 !"#$%  !"#!%& ,# )21%3 (% .#$%&'(%$)*+ ,+*-+& (A7A*A70+ .%1'0%,)0)&9



 !  !"#$ %& '#$( )*"("(+* !" #$%&'()'($"# A = {Ai | i ∈ I} $% B = {Bi | i ∈ I} &'(%(%)' $%)'(*'+# ,-%) .%) i ∈ I '/'+
Ai ⊂ Bi '*% &0&-12&3' 4&-1+51(&)1+ $&)(1-1+1 67*5%)'+'8#

⋃

i∈I

Ai ⊂
⋃

i∈I

Bi

⋂

i∈I

Ai ⊂
⋂

i∈I

Bi!# 9') {Ai | i ∈ I} &'(%*' $%)'(*'+# ,-%) J ⊂ I '*% &0&-12&3' 4&-1+51+1+ $&)(1-1+167*5%)'+'8#
⋃

j∈J

Aj ⊂
⋃

i∈I

Ai:# 9') {Ai | i ∈ I} &'(%*' '(% 4') B 3;<%*' $%)'(*'+# =%) i ∈ I '/'+ Ai ⊂ B '*%&0&-12&3' 4&-1+51+1+ $&)(1-1+1 67*5%)'+'8#
⋃

i∈I

Ai ⊂ B># A = {Ai | i ∈ I} $% B = {Bi | i ∈ I} &'(%(%)' $%)'(*'+# ?0&-12&3' 4&-1+51+1+$&)(1-1+1 67*5%)'+'8#
⋃

i∈I

(Ai ∪Bi) =

(

⋃

i∈I

Ai

)

∪

(

⋃

i∈I

Bi

)@# 9') {Bi | i ∈ I} &'(%*' '(% 4') A 3;<%*' $%)'('AB)# ?0&-12&3' 4&-1+51+1+ $&)C(1-1+1 67*5%)'+'8#
A ∩

(

⋃

i∈I

Bi

)

=
⋃

i∈I

(A ∩Bi)D# {Ai | i ∈ I} '(% {Bi | i ∈ I} &'(%(%)' $%)'(*'+# ?0&-12&3' 4&-1+51(&)1+ $&)(1-1+167*5%)'+'8#
(

⋃

i∈I

(Ai

)

\





⋃

j∈J

Bj



 =
⋃

i∈I





⋂

j∈J

(Ai \Bj)





(

⋂

i∈I

(Ai

)

\





⋂

j∈J

Bj



 =
⋂

i∈I





⋃

j∈J

(Ai \Bj)



 # 9') A 3;<%*' '(% 4E+E+ mathscrA $% B 6'4' F&)3(1 '3' 7)5;*; $%)'(<'0B(*E+# 9E '3' 7)5;+;+ &)&3%*'5'+'+ 2% 4') 7)5; B(2E-E+E 67*5%)'+'8#



 !"! #$%& '()(*&+(  ! !" #$%& '()(*&+( !"#$ %&'&(& "#$ n %&'() *(+,*,-( .($/,),. 01$ An .23#*1 4#$1)31/ &)*5-678+)#
#
{A0, A1, A2, . . . , An, . . .}:101 01$ .23#)#$ (1)#*1 #)%# #%1)1$6 75 (1)#+# 01$  !"#$#% &'(')' %1+#
#'1;6 7(/.(01$ %#+1/)#< 01$ A = {Ai | i ∈ I} (1)#*1-1- I 1-%1* .23#*1
N = {0, 1, 2, . . . , n, . . .}%&'() *(+,)($ .23#*1-# #/1=*#< A +( 01$  !"#$#% &'(')'< %#-1)1$6 !"#$ %&'&)& 71$ {An |n ∈ N} .23#)#$ %1;1*1 4#$1)*1-6 75 %1;1-1- 2*= 4# ()=)131=)#$1-1< *,$(*,+)(<

lim sup
n→∞

An =
⋂

n∈N

⋃

k∈N

An+k > 6?@A
=

∞
⋂

n=1

(

∞
⋃

k=n

Ak

)

lim inf
n→∞

An =
⋃

n∈N

⋂

k∈N

An+k > 6BCA
=

∞
⋃

n=1

(

∞
⋂

k=n

Ak

) > 6B?A%1+# =(-,3)(-,$6D'#$ 2*= 4# ()= )131=)#$1 #/1=*#< 05 .23#)#$ %1;1*1-1- $'"'*' +,%&-%< %1+#
#. 4#05 )131=1<
lim
n→∞

An > 6BBA*13:#*1+)# :8*=#$#
#'1;6*"+,$+ %&'&(& {An} +# {Bn} .#%.,/0' ' '  !"#$#% &'(')' ')# ,1,2-&, ' 3,2-/*-),2$,/-%4
lim sup
n→∞

(An ∩Bn) ⊂ (lim sup
n→∞

An) ∩ (lim sup
n→∞

Bn) > 6B!A



 !  !"#$ %& '#$( )*"("(+* !"#$%
x ∈ lim sup

n→∞
(An ∩Bn) =⇒ x ∈

⋂

n∈N

⋃

k∈N

(An+k ∩Bn+k)

=⇒ n ∈ N⇒ x ∈
⋃

k∈N

(An+k ∩Bn+k)

=⇒ n ∈ N⇒ (∃k ∈ N) (x ∈ An+k ∩Bn+k))

=⇒ n ∈ N⇒ (∃k ∈ N) (x ∈ An+k) ∧ (x ∈ Bn+k)

=⇒ n ∈ N⇒ (∃k ∈ N) (x ∈ An+k) ∧ (∃k ∈ N) (x ∈ Bn+k)

=⇒ n ∈ N⇒ (x ∈
⋃

k∈N

An+k) ∧ (x ∈
⋃

k∈N

Bn+k))

=⇒ n ∈ N⇒ (x ∈
⋃

k∈N

An+k) ∧ n ∈ N⇒ (x ∈
⋃

k∈N

Bn+k)

=⇒ x ∈
⋂

n∈N

⋃

k∈N

An+k ∧ x ∈
⋂

n∈N

⋃

k∈N

Bn+k)

=⇒ (x ∈ lim sup
n→∞

An) ∧ (x ∈ lim sup
n→∞

Bn)

=⇒ (x ∈ lim sup
n→∞

An) ∩ (lim sup
n→∞

Bn)) !"#$" %&'&(&
lim sup
n→∞

(An ∪Bn) = lim sup
n→∞

An ∪ lim sup
n→∞

Bn " #$!% !"# !"#$%
x ∈ lim sup

n→∞
(An ∪Bn)⇐⇒ x ∈

⋂

n∈N

⋃

k∈N

(An+k ∪Bn+k)

⇐⇒ n ∈ N⇒ x ∈
⋃

k∈N

(An+k ∪Bn+k)

⇐⇒ n ∈ N⇒ (∃k ∈ N) (x ∈ An+k ∪Bn+k))

⇐⇒ n ∈ N⇒ (∃k ∈ N) (x ∈ An+k) ∨ (x ∈ Bn+k)

⇐⇒ n ∈ N⇒ (∃k ∈ N) (x ∈ An+k) ∨ (∃k ∈ N) (x ∈ Bn+k)

⇐⇒ n ∈ N⇒ (x ∈
⋃

k∈N

An+k) ∨ (x ∈
⋃

k∈N

Bn+k))

⇐⇒ n ∈ N⇒ (x ∈
⋃

k∈N

An+k) ∨ n ∈ N⇒ (x ∈
⋃

k∈N

Bn+k)

⇐⇒ x ∈
⋂

n∈N

⋃

k∈N

An+k ∨ x ∈
⋂

n∈N

⋃

k∈N

Bn+k)

⇐⇒ (x ∈ lim sup
n→∞

An) ∨ (x ∈ lim sup
n→∞

Bn)

⇐⇒ (x ∈ lim sup
n→∞

An) ∪ (lim sup
n→∞

Bn))



 !"! #$%& '()(*&+(  ! !"#$" %&'&'&  !" #$%!&!" '()(*(+'!+ ,-+. /(&!0(%! *,1(2 ,-".# /(" '()( 3$"!3(&!/(&("4 !"#$% A = {An |n ∈ N} "#$"%&'( )($ *+,#-#$ .(/(0( 1-02&3
B0 = A0

B1 = A1 −B0

B2 = A2 − (B0 ∪B1) = A2 −B1

B3 = A3 − (B0 ∪B1 ∪B2) = A3 −B2

B4 = A4 − (B0 ∪B1 ∪B2 ∪B3) = A4 −B3333
Bn = An − (B0 ∪B1 ∪B2 ∪B3 ∪ . . . ∪Bn−1) = An −Bn−1333)(4(,(&.# 5(&#-'#& 1-%$%* 6%&7,-%&%&

B = {Bn |n ∈ N} 8 39!:*+,#-#$ .(/(0(&( .+;+&#-(,3 <=06#$#
#?(/ *(@ B .(/(0( %;%?7.%*( (*( =/#-(?# 0%"(AB6($38%: B %(-#0( %5$7* *+,#-#$.#& 1-2;2$38): B %(-#0(&(& )(-#;(,( A %(-#0(&(& )(-#;(,(&# #;(66($35,6 +.+ #,+.3.7 n 6= m 1-.2?2&.% Bn ∩ Bm = ∅ 1-.2?2&2 '=06#$,#-(5(/3 n > m1-.2?2&2 C%$0%5%-7,3
x ∈ Bm ⇒ x ∈ Am ∧ x /∈

m−1
⋃

k=1

Ak

⇒ x ∈ Am ⇒ x /∈ An −
n−1
⋃

k=1

Ak

⇒ x /∈ Bn1-%
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