
 !"#$ % !"#$%#&!' !"#$!"%&"# '#(% )*+&,!- !"#$%!& '()*!+&!$#) ,-&.'&/0/ '.)/)1.2 3!-+!*$#1! (&45+&!$#) %.'/%.&&.6*/$/&+.7%/ 3!$!0#)# 3($!) 5)&5 8$.)%/9 +.*!+.*#,4#%#  !"# $!%'()!% *+,-./+.,01 '!)#"#$ '()*!+ 3!&#6*#$1#: ;59&!+1!,# )-,*.&.$/) '!$&!$#)# "!&#$*+!, #4#)2 "#$#%# '.*.',-)<+1.2 (*!,#%# 156!' ,-)<+1. -&.) =! "#$"#$&!$#)# ".6&.)3/4 )-,*.&.$/)1. 1#,,!%!) #,# %.'/ 1-0$<%< .&1/: >< 1-0$<&.$. 233(45"') !2%!"6!(5 .1/)/ =!$1#: ;579&!+1!,# "#$ A )-,*.%/)1.) '.*.' 1-0$<'. #)#&!) 1#,+!)#) .'.0/ x %.'/%/).?156!' 1-0$<'. #)#&!) 1#,+!)#) .'.0/ y %.'/%/). ,.$6/&/, 3!&#'-$%.2 {x, y} %.'/4#@*#)#) A )-,*.%/)/) 159&!+1!,# ,-)<+<)< ,!%#),!% "!&#$**#0# 3($5&15: A).,2"< %.'/&.$/) $-&&!$# 1!0#6*#0#)1!2 @.$,&/ "#$ )-,*.)/) ,-)<+<)< "!&#$*!!0# .4/,7*/$: ><$.1.) 1-0.., ,.$/6/,&/0/ '-,!*+!, #4#)2 C.)3#%#)#) '.*.' !,%!) 59!$#)1!2C.)3#%#)#) 156!' !,%!) 59!$#)1! -&1<0<)< "!&#$*!!,2 "#$ %/$.&.+. ,.=$.+/ ,-7)<&1< =! {x, y} '!$#)! (x, y) %#+3!%# ,<&&.)/&1/: ><)&.$. A )-,*.%/)/) 756!8!"6!(5*233(45"')6'(91 .1/ =!$#&1#: (x, y) 3(%*!$#+#)1! "#$#)# (0! -&.) x %.'/%/2 '.*.' !,7%!) 59!$#)1!,# "#&!6!) D.E%#%F? #,#)# (0! -&.) y %.'/%/2 156!' !,%!) 59!$#)1!,#"#&!6!) D-$1#).*F -&.$., .1&.)1/$/&1/: >('&!!2 {x, y} '!$#)! (x, y) %#+3!%# ,<&7&.)/&+.,&.2 %.'/ 4#@*#)! "#$ %/$.&.)+/6 -&+. )#*!&#0# !,&!)1#: >< )!1!)&!2 (x, y)%#+3!%#)#) *!+%#& !**#0# '!)# =.$&/0. %/$.&.)+/6 %.'/ 4#@*# 1!)#&#$:;59&!+1!,# )-,*.&.$/) %/$.&.)+/6 %.'/ 4#@*&!$#'&! "!&#$*#&+!%#)1!) %-)$.2 1597&!+%!& 3!-+!*$#)#) *!+!& ,.=$.+&.$/ !"#$%!& '()*!+&!$&! #@.1! !1#&!"#&#$ C.&!3!&+#6*#$: G."##2 "< '()*!+2 (x, y, z) 3#"# %/$.&/ 54&5&!$ '.$1/+/'&. <9.' 3!-+!*$#'!,-&.'. <'3<&.)+/6*/$: H-)$.2 n "#$ 1-0.& %.'/ -&+., 59!$!2 (a1, a2, a3, . . . , an)3#"# %/$.&/ n &#&!$ *.)/+&.)1/ =! n "-'<*&< <9.'&.$ #)!&!)1#:I#1!$!,2 "< ,.=$.+2 +.*!+.*#,*! =! ".6,. "#&#+ 1.&&.$/)1. 3!)#6 "#$ <'3<7&.+. .&.)/ "<&1<: >< 35),5 *!,)#, =! *!,)-&-J#2 "5'5, (&451! "< ,.=$.+.1.'.)/$: KLM℄ ML



 !  !"#$ %&  '()*+)"', !" #$%&'()'* +$%,-."# $%&'()*+ ,-.#/ 0'(*&*1 2324+ ,516&64(57 328/&*12 24*&*.**0 :* $21 #.;#&6(6,5-&6160 646&2/20 )'<&*(2 /645(&6.66=5<> !"#$% A,B  ! !"#$ %&'()* a ∈ A  &$ b ∈ B +$,+-).  ! /0$  '$1 (a, b))$')$' )$1 2 , ,516&5 202&2+ 3$) & ,*
(a, b) 4*,4*,2+ .*42 $21 :61&50/51> a %=*,24*+ (a, b) ,516&5 202&2,2424 2 , ) 2 &$5$) +

b %=*,24*  ! ) 2 &$5$) + )*42&21> "# ,516&6(6+ $*&21&*.22)21> ?-&6.5,5.&6+ 676=5@)602 %4*1(*.2+ ,516&5 202&2&*124 *0,20,2< $21 /645(5 -&6160 6&6$2&212<>
(a, b) = (c, d)⇔ (a = c ∧ b = d) (1)

(a, b) ,516&5 202&2,24*+ '6,-&6 7 89 .6 )6+ 05,66+  ! & )* )*42&21>&'!(#% "21 ,516&5 202&2)* .6<5&57 ,516,5 $*&21&*.22 %<*&20 /6751A $2&*7*4&*124 ,516,5)*=27/212&21,* $6706 $21 202&2 *&)* *)2&21>)("*+
(2, 7) 6= (7, 2),!(-*.'*" /!(0#$ !"#$% : 7 2 , ' 2%5 %&#-;-) A  &$ B !"#$&$, ) ) !-,9$<;$) 7-,=6#6

A×B = {(a, b) | a ∈ A ∧ b ∈ B} (2)!"#$' 3 ,*B61/*<.*4 /*12(2+ -4# 2&0 -1/6.6 0-.64 C>?*,61/*,D)64 ;*&21> E6.5&61)602361F(6 27&*(2.&* G23 $21 2&2702,2 .-0/#1> H+ .6&45<6+ ,516&5 202&2&*1)*4 -&#764 $210'(*)21>)("*+
A = {a, b, c} B = {x, y} 0'(*&*12 2324+

A×B :* B ×A 061/*<.*4 361F5(&61545 $#&#4#<>>/<"#?
A×B = {(a, x), (a, y), (b, x), (b, y), (c, x), (c, y)}:*
B ×A = {(x, a), (x, b), (x, c), (y, a), (y, b), (y, c)}-&#1>)"*($*% : 7 2 , ' 2%5 %&#-;-) A  &$ B !"#$&$, $5 9 3$0 &'$&$,1

A×B 6= B ×A36,@ ;-) 1 !-,9$<;$) 7-,=6#6) ;$, 3$0 59 ,#$ /<$& 0 ;%!9(,*"#4#+ IJK $6=54/5,54)64 G*(*4 ;%1*$2&212<> L.156+ $# %<*&20+ .#0615)602%14*0 '<*124)* )* )-=1#&646$2&21>



 !"! #$%&'()'* +$%,-.  ! !"#$"%  !" #$"%&'(&) *$"+,-,) )!&/!# 0$(,0,1 #2-&/&"!) )!&/!# 0$(,/$",),)*$"+,-,)$ &3!%%!"4
n(A×B) = n(A).n(B)"#$%&'$( )*+,#-.,+' /#$%+ '0'$(

n(A) = 3, n(B) = 2, n(A×B) = n(B ×A) = 6.-#1 2*#,.,$(
n(A).n(B) = 3.2 = 6 3% n(B).n(A) = 2.3 = 60-+,#1 !"!" #$%&'()'* +$%,-./$%-* 012&'%3.32,4- .*#*56,#.,( +,#7%4)%$ 0,#8-56,#- 9'# :%+'66% ;/<7%#5%+ ,6;-6,5,)- +=6,)>6,:7-#,9'6'#1 2*$*$ '0'$ '+' )/$7%5 +*66,$,,&-4@ 5# 6!($7"$-, 8& 9"$:#4&' ()*+,#+$-

A×B +,#7%4)%$ 0,#8-5-$- ;/<7%#5%+ '0'$ A '6% B +A5%6%#'$'$ B%$$ .'),;#,56,#-),$ ),$, 0'4'6'#1 C%# (a, b) ∈ A×B '0'$( a /&%<'$' b /&%<'$% %:6%)%$ 9'# =+ 0'4'6'#1D#7,), 0-+,$ :%+'6( A×B $'$ ;# <!($7"$-,= .-#1.#+/' !"#$% &'((!)$*"+ ,$-".!"/012'#'<' ),7,) +=$*5., =6,$ 3% 9'#9'#6%#'$' .'+ +%<%$ '+' .=&#* 0'4'6'#1 A +A5%<'>$'$ /;%6%#' ),7,) 9'# .=&#* A4%#'$%( B +A5%<'$'$ /;%6%#' .A:%) 9'# .=&#* A4%#'$%)%#6%:7'#'6'#1C%# (a, b) ∈ A×B '0'$( a 3% b .%$ .=&#*6,#, 0-+-6,$ .'+5%6%#'$ +%<'5 $=+7,<-(
(a, b) <-#,6- 0'E7'$% %:6%$'#1 2* )=66, .A46%5 A4%#'$.% %6.% %.'6%$ 9A7A$ $=+7,6,#-$=6*:7*#.*&* +A5%( A×B +,#7%4)%$ 0,#8-5-$-$ ;#,F&'.'#1 #!"'0"#G1 A = {1, 2, 3} 3% B = {3, 4} +A5%6%#' 3%#'6')=#1 A × B '6% B × A $'$;#,F+6%#'$' 0'4'$'412H IG(HJ IK(HJ I!(HJ! IG(!J IK(!J I!(!JG K !

A×B $'$ L#,F&'
M! I!(!J IH(!JK I!(KJ IH(!JG I!(GJ IH(GJ! H

B ×A $-$ L#,F&'N*+,#-.,+' ;#,F+6%#.%$( A×B 6= B ×A =6.*&*$* ;/#A)=#*41



 !  !"#$ %&  '()*+)"',"# $%&' (')*)+, -.* A +/0&1.2.2 +&23.1.4'& +)*5&%4&2 6)*7808 3) 3/9/2/'&-.'.*#
A = {2, 7, 8} .6.2 A × A +)*5&%4&2 6)*78282 :;&'&*.2. '.15&'&4.2.%, 2.&'.+1)481828 -='=2=% >& ?*)@;.2. 6.%.2.%# !"#$%

A×A = {(x, y) | x, y ∈ A}+/0&1.2.2 :;&'&*.2. '.15&'&*1&+,
A×A = {(2, 2), (2, 7), (2, 8), (7, 2), (7, 7), (7, 8)(8, 2), (8, 7), (8, 8)}('=*#A.&'.+ 1)48182) ?&'.2&, 4=+)*83)+. '.15&3& (')2 18*)'8 .+.'.'&*. 1)4)*1)+,

n(A) = 3, n(A×A) = 9('3=;=2= ?:*&-.'.*.%# B428 1(2==, C(*0/'3&2 3& 68+)*)-.'.*.%#
n(A×A) = n(A).n(A) = 3.3 = 9D)*5&%4&2 6)*78082 ?*)@;. )9);83) >&*.'0.95.*#BE F",EG FH,EG FE,EGH F",HG FH,HG FE,HG" F","G FH,"G FE,"G" H E B !"#$% A×A &'()*"+*, -'(./$/,/, &!0*1*,23

∆ = {(a, a) | a ∈ A}'4) &#$*5262(7I=+)*83)+. :*2&+ .6.2, A×A 2.2 +:9&?&2.,
∆ = {(2, 2), (7, 7)(8, 8)}('=*#&!'()*+)" ,!'-#$#" .*)/01/)'0

× .9'&0.2.2 ∪ /%&*.2& J);8'0)18K
A× (B ∪ C) = (A×B) ∪ (A× C)

× .9'&0.2.2 ∩ /%&*.2& J);8'0)18K
A× (B ∩ C) = (A×B) ∩ (A× C)



 !"! #$#%&'&( )*+%,-    !" #$#%&'&( )*+%,- !"#$% !"#$"#%&#"'" $()%('*+, '-./(%(#+'0( 0". .&1&' "." 1(2+ 0-3#414'(5 $"# !" #$$%&!'() *!+),-!. 0&'"#678&#"'0& $"# .--#0"'(/ 1"1/&9" -%(' 0:8%&9& /'(0!)!"  120,-. 0&'"#6 &'(&$% R× R "(%),23,' 4(%56-6 !0, ('(0!)!" &120,- 7!%, 7!% ,80,',7!0!%9!"#"9 484'%4.%(#+ &)"/ -%(' "." 1(2+ 0-3#414 Ox ;& Oy -%14'6 !4 &.1&'<%&#5 $()%('*+, '-./(%(#+'0( $"#$"#%&#"'& 0". -%((. $","90& 0:8%&9& 2&#%&)/"#"%"#6>?#:'/:2: .-%(2 (%*+%(9(. ","'5 Ox &.1&'" 2(/(2 .-'49( *&/"#"%"#6 @($""5 Oy&.1&'" 0:)&2 .-'490( -%((./+#6!"# (x0, y0) ∈ R×R 1+#(%+ ,"A/" ;&#"%1"'6Ox &.1&'" :8&#"'0&5 x0 1(2+1+'( .(#)+%+.*&%&' '-./(0(' Ox &.1&'"'& $"# 0".9& ,"8"%"#6 B2'+ )&."%0&5 Oy &.1&'" :8&#"'0&5
y0 1(2+1+'( .(#)+%+. *&%&' '-./(0('Oy &.1&'"'& $"# 0".9& ,"8"%"#6 !4 "." 0".9&'"'.&1")/"3" P '-./(1+5 (x0, y0) "."%"1"'& &)%&'"#6 !4 &)%&9&0&5 C&# (x, y) ∈ R× R1+#(%+ ,"A/"'& 0:8%&90& $"# /&. P '-./(1+ .(#)+%+. *&%"#6@&#1"'& -%(#(.5 0:8%&90&." $"# P '-./(1+'0(' Ox ;& Oy &.1&'%&#"'& "'0"#"%&'0".9&%&#"' (2(.%(#+'+' .(#)+%+. *&%0"3" 1(2+%(# x0 ;& y0 "1&5 (x0, y0) ∈ R × R"."%"1"'" P '-./(1+'( &)%&2&%"96 !4 &)%&9&0&5 0:8%&90&." C&# P '-./(1+'( $"#/&. (x0, y0) ∈ R× R "."%"1" .(#)+%+. *&%"#6D C(%0&5 ('(%"/". 0:8%&9 "%& R × R .(#/&82&' ,(#E+9+ (#(1+'0( $"#& $"# ;&?#/&' F$$?G $"# &)%&9& .4#4%94) -%046!"# .--#0"'(/ 1"1/&9"'0&5
• Ox ,"+,'!', 2(/(2 &.1&' F(E1"1%&# &.1&'"G5
• Oy ,"+,'!', 0:)&2 &.1&' F-#0"'(/%(# &.1&'"G5
• :;"(%6&("! ,80,-,3, <=%,. (x0, y0) +6%(06 +(36 4!>)!',. P '$")(+6'6' $"%&)&'<%&#" F.--#0"'(/%(#+G5
• ?"+,'0,%!' ",+!8!- '$")(+6'( $()%('*+, '-./(1+ F-#"H"'G5
• x0 +(36+6'( P '$")(+6'6' 2(/(2 $"%&)&'" F(E1"1"G5
• y0 +(36+6'( P '$")(+6'6' 0:)&2 $"%&)&'" F-#0"'(/+G50&'"%"#6
P '-./(1+'+' $"%&)&'%&#"'" $&%"#/9&. *&#&./"3" 8(9(' P (x0, y0) 2( 0( P =

(x0, y0) 2(8(#+86 !()%('*+, '-./(1+'+ O "%& *?1/&#&&3"8I $"%&)&'%&#"2%& *?1/&#"#1&.5
O(0, 0) -%((./+#6)("&*+&(J6 A(3, 2), B(3, 3), C(−1, 2), D(− 5

2
,− 5

2
), E(2,− 7

2
) '-./(%(#+'+ ('(%"/". 0:<8%&90&." .-'49%(#+'( 2&#%&)/"#"'"86 !4'%(# (#(1+'0(5 .?)&*&' :8&#"'0& -%('?3& ;(# 9+0+#K



 !  !"#$ %&  '()*+)"', !"#$% "#$%&#' '()*+&+$,' +'+&%*%) -./&#0-#)% )('10&+$,', 234*#$#' 5%$2$+6) 7%/%'%/8 93:#2#' ./#$%'-# (&+' 3;#&#$%' <+*+< =# -.:#< 5%&#:#'&#$%5%$5%$&#$%'# #:%* (&++;,'+ 23$#? )3:#2#' +:+;,-+)% ).0#-%$8
∆ = B(3, 3), D(−

5

2
,−

5

2
)@8 A:+;,-+)% ).0#&#$% +'+&%*%) -./&#0-# 234*#$%'%/8+8 E = {x|x ∈ R, 1 ≤ y < 2}?58 F = {(x, y)|2 ≤ x < 4 ∧ y ∈ R}?8 E × F !"#$% E ).0#4% <+*+< 5%$ :#$%*? F ).0#4% -.:#< 5%$ :#$%* =# E×F ).0#4%%4# )3:#&#$% (2, 1), (4, 1), (4, 2), (1, 2) (&+' 5%$ -%)-3$*2#'4#& 53&2#-%$8 A&* =#4(& <+'-+)% )#'+$&+$ 53&2#<# -+B%&-%$C .4* =# 4+; <+'-+)% )#'+$&+$ -+B%&-#;%&-%$8D8 E%7 5%$% 5(: (&0+<+'A,B =# C ).0#&#$% %7%'? A×B×C )+$*#/<#' 7+$F,0,?

A×B × C = {(a, b, c) | a ∈ A ∧ b ∈ B ∧ c ∈ C}(&+$+) *+',0&+',$8G8 Ox,Oy,Oz 5+:&+'2,7 '()*+&+$,'-+ 5%$5%$&#$%'# -%) (&+' .7 4+<, #)4#'%? .75(<1*&1 2#$7#& H)&%* 1/+<,'+ #:*%$8 I1'1' +'+&%*%) *#04%&%?
R× R× R )+$*#/<#' 7+$F,0,-,$J

R× R× R = {(x, y, z) | x, y, z ∈ R} !"!# $%&'()*)()+K8 (x + 2y − 3, 3x − y − 2) = (6,−10)) %4#? P (x, y) '()*+4,',' +'+&%*%) -.L/&#0-#)% )('101'1 :#0+ %&# 234*#$%'%/8@8 (x−y, 9) = (1, x+y) %4#? Q(x, y) '()*+4,',' +'+&%*%) -./&#0-#)% )('101'1:#0+ %&# 234*#$%'%/8D8 (2u + 1, v − 3, 4 − w) = (u + 3, 5 − v, 2 + w) %4# (x, y, z) 4,$+&, .7&.4.'.51&1'1/8G8 A = {−1,−2, 0, 2} ? B = {−3, 0, 2, 3} ).0#&#$% %7%'? A × B =# B × A).0#&#$%'% <+/,',/C :#0+&+$,', 7%/%'%/8 M%#&%) 4+<,&+$,', 51&1'1/8 8 A = {1, 2, 3}, B = {2, 3, 4}, C = {1, 3} ).0#&#$% %7%'? (A ∩ B) × (B \ C))+$*#/<#' 7+$F,0,',' 3;#&#$%'% &%4*#&#<%'%/C :#0+4,', 7%/%'%/8!8 E#$B+'2% 5%$ ).0#'%' 5(: ).0# %&# )+$*#/<#' 7+$F,0,',' 5(: (&-1;1'1234*#$%'%/J
A× ∅ = ∅ = ∅ ×A



 !"! #$#%&'&( )*+%,-  !!" #$%&'()* +*% ,-.$(*( +/0 ,-.$ *1$ ,'%2$34$( 5'%67.7(7( (*$1*, 9'4797(7(
0 /1:;<;(; )=92$%*(*3>

n(A× ∅) = n(∅) = 0 = n(∅ ×A)?" A = {−1,−2, 1}, B = {−2, 0, 2}, C = {−3,−1, 2} ,-.$1$%* *5*(@
A× (B ∪ C) = (A×B) ∪ (A× C), A× (B ∩ C) = (A×B) ∩ (A× C)A$ C × (A \B) = (C ×A) \ (C ×B) $0*21*,1$%*(*( :/<%;1;<;(; )=92$%*(*3"B" A×B = {(x,m), (x, n), (y,m), (y, n), (z,m), (z, n)} ,-.$9* A$%*1*4/%" A A$
B ,-.$1$%*(* 4'37(73"CD" E × E ,'%2$34$( 5'%67.7(7@ ,79''@ E2 *1$ )=92$%*4/%;3"

E2 = {(a, a), (a, b), (a, c), (b, a), (b, b), (b, c), (c, a), (c, b), (c, c)},-.$9*(* 0$.' *1$ )=92$%*(*3" E=0$)$(*(*@ (*$1*, 9'4797(7 A$ E ,-.$9*(*+;1;(;3"CC" A,B A$ C &$%&'()* -5 ,-.$ /1:;<;(' )=%$F
A× (B ∪ C) = (A× B) ∪ (A× C)

A× (B ∩ C) = (A× B) ∩ (A× C)

A× (B \ C) = (A× B) \ (A× C)

(A×B) ∪ (C ×D) = (A ∪ C)× (B ∪D)

(A×B) ∩ (C ×D) = (A ∩ C)× (B ∩D)

(A×B) \ (C × C) = [(A \ C)×B] ∪ [A× (B \ C)]$0*21*,1$%*(*( A'%17<7(7 )=92$%*(*3"CG" H('1*2*, :-31$.:$@'" Ox $,9$(*(*(@ :-0$4 +*1$0$(* 0 /1'( (/,2'1'%7( ,-.$9* /1:;<;(;F4'(*@
Ox = { (x, 0) | x ∈ R}/1:;<;(;@+" Oy $,9$(*(*(@ 4'2'4 +*1$0$(* 0 /1'( (/,2'1'%7( ,-.$9* /1:;<;(;F4'(*@
Oy = { (0, y) | y ∈ R}/1:;<;(; )=92$%*(*3F ($:$(*(* '57,1'47(73"CI" J*1$0*. *01$.*(*( × *01$.* -3$%*($ :'<71.':7<7(7F 4'(*@

A ∪ (B × C) 6= (A ∪B)× (A ∪ C)/1:;<;(; +*% =%($, -3$%*(:$ )=92$%*(*3"



 !  !"#$ %&  '()*+)"',"#$ A,B,C %& D '&(')*+, -.(/ 012& 34-565*) +.(&7
A×A = B ×B ⇒ A = B

B ⊂ C ⇒ (A× B) ⊂ (A× C)

(A ⊂ C) ∧ (B ⊂ D)⇒ (A× B) ⊂ (C ×D)

(A×B) ⊂ (A× C) ∧ A 6= ∅)⇒ B ⊂ C

(A×B) = (C ×D)⇒ (A = C) ∨ (B = D)

(A×B) = ∅ ⇒ [(A = ∅) ∨ (B = ∅]8)69*/94)(9*9* %)(4969*9 +.:/&(,*,;$" $ <.=&4&(, A(3, 4), O(0, 0), C(6, 0) 34)* △AOC 1>+&*,*, )*)4,/,0 -1;4&2-&>,;,*,;$ [AH ] ?10:&4,6,*,* H )?)69*9* 033(-,*)/4)(9*9 %& 1>+&*,* )4)*9*98545*5;$"@$ <.=&4&(, A(−3, 1), B(3, 1), C(5, 5), D(1, 5) 34)* ABCD -.(/+&*,*, >,;,*,;$A.(/+&*,* /1(1*1 :.?4&?,*,; %& )4)*9*9 8545*5;$"B$ A = {−1, 2, 3}, B = {−2, 3} ,>,* A × B %& B × A 012&4&(,*, )*)4,/,0-1;4&2-& C&** =&2):9 ,4& +.:/&(,*,;$ !" #$%&'(&)$* !"#$%  !" #$"%&'(&) *$"+,-,) .&" $/% #0-&1! 2!" 2$3,)%,4,"5D,>8,(,:, 83= 342)?)* A %& B 012&4&(, %&(,4:,*$ A×B *,* '&( β )4/ 012&:,*&E
A -)* B ?& 8,( !#!/! 2$3,)%, ?) -)E 09:))E 2$3,)%, -&*,4,($

β ⊂ A×B ,:&7
β, A 4$) B (& 2!" 2$3,)%,4,"6
β, A 0'&"!)4& %$),-/, 2!" 2$3,)%,4,"6
(x, y) ∈ β !1&6 β 6 x 73&1!)! y 73&1!)& 2$3/$"6
(x, y) ∈ β !1&6 β 6 x 73&1!)! y 73&1!)& &8/&"6
(x, y) ∈ β ⇔ xβyE-&*,4,($&'"()*('"$ G,( 3054-)0, '&( .6(&*,?& 8,( *52)() %&(,4,($ 973"&)!6 );-$"$< :9()49>,H/4&(,E 73"&)!/&" #0-&1!=*-&* );-$"$/$" 012&:,*& /)*9249 8,( 8)69*/9-9($I$ 9$461>($4< :9()49 >,H/4&(,E $4/$" 012&:,*-&* 1>($4/$" 012&:,*& /)*9249 8,(8)69*/9-9($J$ A = {2, 3, 4, 5, 6, 7, 8, 9} 012&:, 1;&(,*-&

β = {(x, y) | x, y ∈ A ∧ x :)?9:9 y ?, /)2 8.4&(}



 !"! #$%&'(&)$*  !"#$%&'%(%&% '#&%)*#+#*%),
β = {(2, 2), (2, 4), (2, 6), (2, 8), (3, 3), (3, 6), (3, 9), (4, 8)}-./, !"!# $%&'()'*%+'( ,-.)/+0100#/'12+1& 3#/4%)-# 5*-6$6 7.".8 "#2#&8 "#$%&'%+% "./ 91:.**1 7;('1/)1: #*7%*#<)#+% :5*#+*#9'%/#".*./, =6&6& .3.&8 :#/'12+1& 3#/4%)*#/-# +#4'%$%)%2 7.".8 .:.+;&'1) :6**#&##$%2?  ! "#$%&'%() *+ &'%,!-

β ⊂ A×B "#$%&'%(% @1/.*(.&, ! "#$%&'%()
β &%& 5: -.+#/#)%&% 1*-1 1')1: .3.&8 A × B &.& 5: -.+#7/#)%&-#&8 β +# #.'5*#&*#/ (13.*./(1 .('1&1& -.+#7/#) 1*-1 1-.*./,=6&6 -5$/6-#& 1*-1 1')1: .3.&8 A .*1 B :A)1*1/.&.& B1&& -.+#7/#)*#/% +#&+#&# 3.2.*./, C1/ (a, b) ∈ β .3.&8 a ;$1(.&. b ;$1(.&1 19*1+1& "./ 5: 3.2.*./,*'%+! !"#$% &'((!)$*"+ ,$-".!"/01

A×B &.& 7/#D$.&-1&8 β +# #.' 5*#&*#/ (13.*./(18 β &%& 7/#D$. 5/'#+# 3%:#/,=6&6 -5$/6-#& 1*-1 1')1: .3.&8 "./.(. +#'#+ :5&6)-# 5*#& @1 "./"./*1/.&. -.::1(1& .:. -5$/6 3.2.*./, A :A)1(.&.& ;71*1/. +#'#+ "./ -5$/6 A21/.&18 B :A)1(.&.&;71*1/. -A91+ "./ -5$/6 A21/.&1 +1/*19'./.*./,C1/ (a, b) ∈ β .3.&8 a @1 b -1& -5$/6*#/# 3%:%*#& -.:)1*1/.& :1(.) &5:'#(%8
(a, b) (%/#*% 3.E'.&1 19*1&./, F*-1 1-.*1& &5:'#*#/%& 5*69'6/-6$6 :A)18 .('1&1&7/#D:'./,

β "#$%&'%(%&%& 7/#D$.&. graf(β) (.)71(.+*1 7;('1/11$.2,=./ β "#$%&'%(% @1/.*).9(18 graf(β) :1(.&:1( "1*./*.-./, 0#/9%' 5*#/#:8 graf(β)@1/.*).9(18 β "#$%&'%(% :1(.&*.:*1 "1*./*. 5*6/, =6 &1-1&*18 +1/.&1 7;/1 G1/ .:.(.&.19 #&*#)-# :6**#&#".*./.2,
β ⊂ A×B "#$%&'%(% @1/.*-.$.&-18 A :A)1(.&1 β &%& .%/)( 012&+3#H B :A)1(.&1.(1 β &%& 4+5+' 012&+3# -1&.*./, !"!2 3/+. $%&'()'

β ⊂ A×B "#$%&'%(% @1/.*(.&,
β−1 = {(y, x) | (x, y) ∈ β} (5)"#$%&'%(%&#8 β &%& .+'3 0%5)/.)3) -1&.*./,
β ⊂ A×B ⇔ β−1 ⊂ B ×A (5)



 !  !"#$ %&  '()*+)"',"#$%&% '"#()( +,-.#.-/ 0"#()121)#(3 β−1 4(&156121 B '.78295$85 A '.7829586(517#1$1- :8
(

β−1
)

−1

= β$1-/ !"!" #$%&'()('(*;/ A = {1, 2, 3, 4, 5, 6} '.7829 :8-9#9)"-/(< A $( 6(517#1 ,)#8 49- 4(&1561 )(=151= '9 β1 = β−1

1
"#2%5/4< A $( 6(517#1 β2 = {(x, y) : x | y :8 x 6= y} 4(&156121 :8-9#9)"-/ β2 :8

β−1

2
4(&1561#(-151 #9268 ),56879 9#8 )(=(#17/ (x | y 297+8293 >x  !"# # y !"# #$# %&'()* (5#(715$($1-/<< β2 9#8 β−1

2
95 "' :8 '""-$95(6 +-(?'#8-959 @9=8-8' '(-A1#(A61-151=/ !"#$(< β1 = {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)} 4(&1561215$( β1 = β−1

1"#$%&%5% +,-.5.=/ B% ,=8#9'68 9'9 4(&1561 $(C( )(=151=/4< β2 = {(x, y) : x | y :8 x 6= y} 9@953
β2 = {(1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, 4), (2, 6), (3, 6)}

β−1

2
= {(2, 1), (3, 1), (4, 1), (5, 1), (6, 1), (4, 2), (6, 2), (6, 3)}"#%-/<

β1, A × B A87(21515 ',A8+859 .=8-95$8'9 8#87(5#(-15 '.7829$9-/ β2 9#8
β−1

2
4(&1561#(-1515 8#87(5#(-1 928 A87(515 ',A8+85958 +,-8 29786-9'69-#8-/

(1, 6) ∈ β2 :8 (6, 1) ∈ β−1

2
8#87(5#(-1515 29786-9' "#$%'#(-15( $9''(6 8$9D59=/EA(&1$('9 β2 9#8 β−1

2
4(&1561#(-1515 "' $9)(+-(7#(-151 958#8)959=/

A '.78295$85 A )( 6(517#1 49- β 4(&156121 9#8 β−1 68-2 4(&156121515 +-(?'D#8-93 A × A 515 ',A8+85958 +,-8 29786-9'69-/ E)-1( β 9#8 β−1 95 )(F61&18A#878#8- 49-49-9595 68-29$9-/ !" #$%&'(& ()*+,*-%&'($) β ⊂ A×A +( x, y, z ∈ A ,' -$. /0!1#2!34 &5('43'()6 3!)0#'!)#$2! "!5#'#%!1#$7# 78)8$8 7!$#9'!). ! [∀x(x ∈ A) ⇒ (x, x) ∈ β]  !"#$%&"'%("! [∀x(x ∈ A) ⇒ (x, x) 6∈ β]  !"#$%&")(#! [(x, y) ∈ β) ⇒ (y, x) ∈ β]  $*&+,-*.($! [(x, y) ∈ β) ⇒ (y, x) 6∈ β]  $*&+,-*$*)(%! [(x, y) ∈ β) ∧ (y, x) ∈ β ⇒ (x = y)]  /#,*$*&+,-*.(&! [(x, y) ∈ β) ∧ (y, z) ∈ β ⇒ (x, z) ∈ β]  0+1*2.+#('! (x, y ∈ A) ⇒ [(x, y) ∈ β ∨ (y, x) ∈ β]  3-04#(



 !"! #$%&'(& ()*+,*-  !"#$ %&'()*()() +&),(-&.( /.-&,( #0#) 12$23.# 42 +2*2$.# 3/56. 375212)#)# 3&89,&-&,(:($; ∆ ⊂ β !"#$
A = {1, 2, 3, 4} 3<-2,# <=2$#):2 *&)(-.(>

α = {(1, 1), (2, 2), (2, 3), (3, 2), (3, 3), (4, 1), (4, 4)}%&'()*(,( +&),(-&.(:($? α %&'()*(,()()> A× A )() 375212)#)# 3&8,&:('()& :#33&*2:#)#=? !"#$
A = {1, 2, 3, 4} 3<-2,# <=2$#):2 *&)(-.(>

β = {(1, 1), (2, 3), (3, 2), (3, 4), (3, 3), (4, 1), (4, 4)}%&'()*(,( +&),(-&.( :2'#.:#$@ 0<)3< (2, 2) 6∈ β :($?A#0 B&),(-&= %&'()*(> 375212)2 &#* C#0 %#$ )/3*&+( #02$-2=;
∆ ∩ β = ∅D/.&+(,(+.&>  !" #$%&'($) 6≡ ¬*#$%&'($+', ≡ *#$%&'($+' -./!+,:($@ 0<)3<> 0$%&'($+' 1./!+ %&'()*(,(> 375212)2 &#* %&=( )/3*&.&$( #02$2%#.#$? !"#$

A = {1, 2, 3, 4} 3<-2,# <=2$#):2 *&)(-.(>
γ = {(1, 2), (2, 3), (3, 4), (3, 2), (4, 1), (1, 4)}%&'()*(,( 2!" 0$%&'($)1'3? γ %&'()*(,()()> A × A )() 375212)#)2 &#* C#0 %#$ 7'23&8,&-&:('()& :#33&* 2:#)#=? !"#$E2$023 F&+(.&$ G<-2,# <=2$#):2 *&)(-.( /.&)>

δ = {(x, y) | x < y} (6)%&'()*(,(>&? 0$%&'($+'1'34%? $%5!&!(.53!6 *0$%$+ &!(.53!&!),4? 7."!86.%1!34:? 937:%1:3;



 !  !"#$ %&  '()*+)"',"#$%&'($ )*+&,%&'( &-&.(/&0) 1&.($,(%&'/&$ 02%&3& 56'7%7'8
x ∈ R ⇒ x ≤ x

⇒ (x, x) ∈ δ

⇒ δ  !"#$%!&$'$(
x 6= y ∧ x < y ⇒ y 6< x

⇒ (y, x) 6∈ δ

⇒ δ !")*#*%+)(*,)*(
x < y ∧ y < z ⇒ x < z

⇒ (x, z) ∈ δ

⇒ δ -+.*/,+"'*(
x, y ∈ R ⇒ (x ≤ y) ∨ (y > x)

⇒ [(x, y) ∈ δ] ∨ [(y, x) ∈ δ]

⇒ δ 0(-1"'1("#'&/&$ 56'7%/7.7 5)1)9 &$,)*):;,')0 1)' 1&.($,($($ 5'&<.)$/;9 06-;5;$ /(-($=/&0) >)? 1)' $20,&$($ 06-;5;$; 56'; *):;,').) 320,#'8 @ >&%/; 1)' δ 1&.($,(*($($&$,)*):;,')0 2%:&*( )?)$9
δ ∩ δ−1 \∆ = ∅2%:&*( 5;';0%) A; 3;,;'%)/)'8 !"#$B;'?;0 C&3(%&' D7:;*) 7E;')$/; ,&$(:%( 2%&$9

η = {(x, y) | x < y} (7)1&.($,(*(9&8  !"#$%!#$2'$(318 !")*#*%+)(*,38 #*%+)(*#*2'*(3/8 -+.*/,+"'*(3;8 0(-1"'1(4F1G9FG9F/G9F;G $)$ )*+&,%&'( 3#0&'(/&0)%;' 5)1) 3&+(%&1)%)'8 F&G $($ )*+&,($( A;';=%):8 H)? 1)' x 5;'?;0 *&3(*( )?)$9 x < x 1&.($,(*( *&.%&$:&E8 I2%&3(*(3%&9
[∀x(x ∈ A)⇒ (x, x) 6∈ η]2%#'8C):;,')*)E 1)' 1&.($,($($ 5'&<.)$/;9 >)? 1)' $20,&$($ 06-;5;$; 56'; *):;,').)320,#'8 @ >&%/;9

η #*%+)(*#*2 ⇔ (η ∩ η−1 = ∅)



 !"! #$%&'(& ()*+,*-  !"#$%& !"#$
E = {a, b, c, d} '()*+, (-*%,./* 01.2)#23

θ = {(a, a), (a, b), (b, a), (b, c), (c, b), (d, d)}4152.02+2 +,)*0%,'0,%6 1)13
µ = {(a, a), (a, b), (b, c), (c, b), (d, d)}4152.02+2 +,)*0%,' /*5,#/,%& !"!# $%&'(&)*+%+)7& A = {a, b, c, d} '()*+,./* 01.2)#2 18152/1', 4152.02#1%2. 0(%#*%,., 4*#,%90,.,-&:1; β1 = {(a, a), (a, b), (b, b), (d, d)}:4; β2 = {(a, a), (b, b), (c, c), (d, d)}:; β3 = {(a, a), (b, b), (c, c), (c, a), (d, d)}:/; =#*)1. +1>2+2 *. 1- "#1. >1.+2>1. 4152.02 ?1.@, 4152.02/2%A:*; B$'1%2/1', A '()*+,./* 01.2)#23 >1.+2>1. C* >1.+2>1. "#)1>1. (D*%4152.02 >1-2.2-&E& A = {1, 2, 3} '()*+,./* 01.2)#2 18152/1', 4152.02#1%2. 0(%#*%,., 4*#,%0,.,-&F' /,>1@%1)#1%2.2 D,-,.,-&:1; β1 = {(1, 1, )(1, 2), (2, 2), (2, 3)}:4; β2 = {(2, 1), (2, 2), (3, 3), (1, 1), (1, 3)}:; β3 = {(3, 3), (2, 2), (1, 3), (3, 1), (2, 1), (1, 2)}!& A = {x, y, z} '()*+,./* 01.2)#2 18152/1', 4152.02#1%2. 0(%#*%,., 4*#,%0,.,-&G%1H'#*%,., D,-,.,-&:1; β1 = {(x, x), (x, z), (z, z)}:4; β2 = {(x, y), (y, z), (y, x)}:; β3 = {(x, x), (y, y)}:/; β4 = {(x, y), (y, x), (z, z)}:*; β5 = {(x, x), (y, y), (z, z), (z, x)}:I; β6 = {(x, x), (y, y), (z, z)}:@; β7 = {(x, x), (y, y), (z, z), (x, z), (z, x)}J& A = {2, 4, 6} '()*+,./* β = {(x, y) : x | y(x, y >, 4K#*%; } 4152.02+201.2)#1.2>"%&



 !  !"#$ %&  '()*+)"',"#$ β %#&'()'*'('( +&,-,./(/ -/*),-,0/(/12"%$ 34 5/0#6.#7'(' 8/1/(/12"$ :.#;&/(/ 8/1/(/12<2 A = {2, 4, 6} 4=7,*/(5, )#('7-#(#( #>#&'5#4/ %#&'()'-#.' )=.-,./(/ %,-/.?-,0/(/12 34 5/0#6.#7-#.'(' @, 6.#;4-,./(/ 8/1/(/12"#$ β1 = {(2, 2), (4, 4)}"%$ β2 = {(2, 4), (4, 2), (6, 2)}"$ β3 = {(2, 2), (4, 4), (6, 6)} 2 A>#&'5#4/ %#&'()'-#.'( +1,-/4-,./(/ /(,-,0/(/12
β4 = {(2, 2), (4, 4), (6, 6), (4, 6)}

β5 = {(2, 6), (4, 2), (4, 6)}

β6 = {(2, 6)}

β7 = {(2, 2), (4, 4), (6, 6), (4, 2), (2, 4), (6, 4)}

β8 = {(6, 6)}

β9 = {(2, 4), (4, 2)}B2 A>#&'5#4/ %#&'()'-#.'( 6,8/>4,( C-DE C-7#5'&'(' 6+*),./(/12"#$ β1 = {(1, 1), (2, 2), (2, 3), (3, 4)}"%$ β2 = {(1, 3), (4, 2)}F2 A>#&'5#4/ %#&'()'-#.'( 6,8/>4,( C-5D&D(D 6+*),./(/12
β3 = {(3, 4), (2, 1)}

β4 = {(4, 1)}

β5 = {(4, 1), (3, 2)}

β6 = {(1, 1), (2, 2), (3, 3), (4, 4), (1, 4), (4, 1), (3, 2)}G2 β7 = {(1, 1), (2, 2), (3, 3), (4, 4)} %#&'()'*'('( 0#(*'0#(H */7,)./4H #()/*/7,)./4@, 6,8/>4,( C-5D&D(D 6+*),./(/12IJ2 A = {1, 2, a} 4=7,*/(5, )#('7-' #>#&'5#4/ %#&'()'-#.'( 0#(*'7#-'H */7,)./4H#()/*/7,)./4 0# 5# 6,8/>4,(-/4 +1,-/4-,./(/ /(,-,0/(/12
β1 = {(1, 1), (1, 2), (2, 1), (2, 2), (1, a)}

β2 = {(2, a), (a, 2), (a, 1)}

β3 = {(1, 1), (2, 2), (a, a)}

β4 = {(1, 1), (2, 2), (a, a), (2, 1), (a, 2)}

β5 = {(a, 2), (1, 1)}

β6 = {(1, 1), (2, 2), (a, a), (1, a), (a, 1)}



 !"! #$%&'(& ()*+,*-  !""# A = {1, 2, 3, 4}$ B = {2, 3, 4, 5, 6} %&'()(*+ +)( β ⊂ A×B ,( β = {(x, y) |
y = 2x} -./012030 ,(*+)+45*#.6 β 40 )+32( 4712('+ +)( 4.80108#-6 β 101 5% ,( %55*9+1.2 :*.;%)(*+1+ <+8+1+8#6 β +)( β−1 +1 78()+%)(*+1+ +1()(4+1+8#"># A = {a, b, c, d} %&'(3+19( 2.10')0 .?./09.%+ 78()+%)(*+ 3./).4.1 -./0120).*4.80108#.6 @.1304.1$ 3+'(2*+% 9(/+)#-6 @.1304.1$ 3+'(2*+%$ .12+3+'(2*+% 9(/+)#6 @.1304.1 9(/+)$ 3+'(2*+% ,( .12+3+'(2*+%#96 @.1304.1$ 3+'(2*+%$ .12+3+'(2*+%$ :(<+?%(1#(6 @.1304.1$ 3+'(2*+%$ :(<+?%(1#A6 @.1304.1$ .12+3+'(2*+%$ :(<+?%(1#:6 @.1304.1 9(/+)$ 3+'(2*+% 9(/+)$ .12+3+'(2*+% 9(/+)$ :(<+?%(1#"B# A = {x, y, z} %&'(3+19( 2.10')0 β = {(x, x), (x, y), (y, z), (y, x)} -./01C203019.1 D.1:+ 30*.)0 <+A2 .20)0*3..6 E./0120 3+'(2*+% 5)F*#-6 E./0120 .12+3+'(2*+% 5)F*#"G# A = {a, b, c, d} %&'(3+ &8(*+19( 2.10')0
β = {(a, a), (b, c), (c, d), (d, a)} -./012030 ,(*+)+45*#.6 β, 4. D.1:+ +%+)+)(* %.20)0*3. :(<+?%(1 5)F*H-6 β, 4. D.1:+ +%+)+)(* %.20)0*3. 3+'(2*+% 5)F*H6 β$ 4. D.1:+ +%+)+)(* %.20)0*3. 4.1304.1 5)F*H"!# A = {−1, 0, 1, 2, 3} %&'(3+19( 2.10')0 .?./09.%+ -./0120).*01 2&*)(*+1+ -(C)+*)(4+1+8#.6 β = {(x, y) : x | y (x, y 4+ 2.' -7)(*6}-6 β = {(x, y) : y = 3x+ 1}6 β = {(x, y) : y < x− 1}96 β =: (x, y) : x | y3}" # I?./09.%+ -./0120).*01 2&*)(*+1+ -()+*)(4+1+8#J.6 E+* %&'(1+1 7/()(*+ .*.3019.%+  !"#$"%$J-6 K&8)('9(%+ 95/*F).* .*.3019.%+ &"%$"%$J6 K&8)('9(%+ 95/*F).* .*.3019. '(%)!*( +( &( ,(-($ $ .$*($



   !"#$ %&  '()*+)"',!"# $%&'()"(*+ %,-(.'(/ 0/012."0*+  !"#!$%&'3453 6+/ 701 0'8 *%)("( 90.1290. :0;2.82< %18 *%)("( "( 90.1290. )2"2/= >(?"(.=4@3 6+/ 701 %18 *%)("( 90.1290. :0;2.82< 0'8 *%)("( "( 90.1290. )2"2/= >(?"(.=4A3 6+/ A *%)(1+."( 80.2)'2 β :0;2.8212 +,+.<0# β 90.1290. +1( β−1 "( 90.1290. )2"2/=:# β 1+)(8/+* +1( β−1 "( 1+)(8/+* )+"+/=# β 0.8+1+)(8/+* +1( β−1 "( 90.1+)(8/+1+& )+"+/="# β -(,+C*(. +1( β−1 "( -(,+C*(. )+"+/=DE3 A = {−2,−1, 0, 1, 2} *%)(1+."( 80.2)'2
β = {(x, y) | y = 2x− 1}:0;2.8212 F(/+'+9G/30# β 92 '+18( 9H.8()+ +'( 90&2.2&3:# β−1 8(/1 :0;2.8212.2 '+18( 9H.8()+ +'( 90&2.2&3# β +'( β−1 +. -/0I*'(/+.+ 09.2 0.0'+8+* "%&'()"( ,+&+.+&3D43 A = {1, 2, 3, 4} *%)(1+."( 80.2)'2 F( 0C0;2"0*+ *GCJ''0/2 10;'0900* C(*+'"(90.1290.< 1+)(8/+* F( -(,+C*(. β1 F( β2 -+:+ +*+ :0;2.82 90&2.2&30# β1 ∩ β2 "( 90.1290. 1+)(8/+* -(,+C*(. G'1J.3:# β1 ∪ β2 "( 90.1290. 1+)(8/+* -(,+C*(. G'1J.3DD3 A = {x, y, z} *%)(1+."( β1 F( β2 -+:+ 0.8+1+)(8/+* H9'( +*+ :0;2.82 90&2.2&*+<0# β1 ∪ β2 "( 0.8+1+)(8/+* !8(/1 1+)(8/+*# G'1J.3:# β1 ∪ β2 1+)(8/+* G'1J.3


