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x ∈ X ⇒ xβx 1!.4-$!*- ?C7D@

(x, y ∈ X ∧ xβy ⇒ yβx 4%$#",%& ?C7E@
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x̄ = [x] = [x]β = {y | (x, y) ∈ β} 7!289
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5 +#( *&)<'#< "=)=?=)5 5#..#(2 34)5%-(& *&)<'#< "=)=E5(=)=) +#('&>#$# X <B$&"#)& &>#..#(@
X = ∪{x | x ∈ X}.F2 G<# *&)<'#< "=)=?= ,5 +#(+#('&(#)& &>#..#( ,5 *5 5,(=<.=('5(@

x, y ∈ X ⇒ [(x = y) ∨ (x ∩ y = ∅)]. !"#$%3#(#)
# <="=$ #H#)6 β )=) *&)<'#< "=)=E5(= 5#'&"#)#)  !"#$  2A2A I5(5%(5?.5<#5,(=>=$ .5)=$=)*5 D&(*#0#$#1 7#96 7##96 7###9 D& 7#D9 <J>4''5(=)= "50'5*=0=)= %-".&(&K
&0#12 β )=) C&(C5)%# +#( [x] *&)<'#< "=)=?=6 C#H *&0#'"&6 x -0&"#)# <5I"5*=0=)*5)
[x] 6= ∅ *=(2 L.& ,5)*5) X = ∪x∈X [x] J'*404 5I5H=<.=(2 3-,'&
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&<.#(2 M&(H&<.&)6

a ∈ [x] ∩ [y]⇒ aβx ∧ aβy ⇒ xβa ∧ aβy 7!2 9J'5
5<.=(2 N#$*#
∀b(b ∈ [x])⇒ b ∈ [y]⇒ [x] ⊂ [y] 7!2!9J'5
50=)= %-(&+#'#(#12 OB)<B b ∈ [x] *&$&< bβx *&$&<.#(2 L.& ,5)*5) xβyJ'*404)4 %-(*B<2 N4 C5'*&6
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& .&J(&$#)#'< <="$=)= #"I5.'5$=> J'*4<2
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[((x, y) ∈ β) ∧ ((y, z) ∈ β)]⇒ (x, z) ∈ β54%6B6 .:,'4(/#4#,= P,*(B#*7
[((c, b) ∈ β) ∧ ((b, d) ∈ β)]⇒ (c, d) ∈ β%#,=

β *1* 0-4*1D
- #&# %(*&4#& )1*1F1 3-,%1,M
a = {a}

b = {b, c, d}

b = c = d54%6B6*- %#&&-9 (%#*#D=
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β = {(m,n) | (m− n) >.C88.'}:#*;-8;/;-; 8#-;B1#4#1;B9 β -;- 4#-/;B#1;2 /.B&8'., J& =&>.?1. )1(+*+-+=5/8&'&1.B9"#$ n ∈ Z⇒ n− n = 0 >.C88.'9 K 7#1(&2 β 4#-/;B#1;(;'9":$ (m,n ∈ Z)∧(m−n) >.C8 ./& (n−m) (& >.C8 )1#
#*;-(#-2 β /.B&8'.,8.'9"
$ (m,n, r ∈ Z) .>.-(m− n) >.C8 J& (n− r) >.C8 ./& (m− r) = (m− n) +

(n− r) (& >.C8 )1#
#*;-(#-2 β =&>.?1.(.'9
(m,n) ∈ β ⇔ m−n = >.C8 )1#:.1B&/. .>.-2 m,n 8#B/#4;1#';-;- 7&' .,./. (&#4-; 6#B#-(# 4# >.C8 4# (# 8&, )1B#1;(;'9 L41&4/&2 β :#*;-8;/;-# =5'& 8&,/#4;1#' :.':.'1&'.-& (&-,3 >.C8 /#4;1#' :.':.'1&'.-& (&-,8.'9 H.' 8&, /#4; .1&:.' >.C8 /#4; #4-; (&-,1., /;-;C;-(# )1#B#61#'9 L41&4/&2 β 4# =5'&2 4#1-;6
#.,. (&-,1., /;-;C; J#'(;'M

0 = {. . . ,−8,−6,−4,−2, 0, , 2, 4, 6, 8, . . .}

1 = {. . . ,−9,−7,−5,−3,−1, 1, 3, 5, 7, 9 . . .}N9 %&'7#-=. :.' ,AB& A6&'.-(&,. &?.81.,2 :.' (&-,1., :#*;-8;/;(;'9
X :)? )1B#4#- :.' ,AB& )1/+-9 H+-+- A6&'.-(&2

β = {(x, y) | x = y }:#*;-8;/;-;- :.' (&-,1., :#*;-8;/; )1(+*+-+ =5/8&'B&1.4.69O?.81., H&1.8.P-(&-2"#$ %&' 5*& ,&-(./.-& &?.88.'3 4#-. x ∈ X ⇒ x = x )1(+*+-(#- β :#*;-8;/;4#-/;B#1;(;'9":$ (x, y ∈ X) J& x = y ./& y = x )1(+*+-(#- β :#*;-8;/; /.B&8'.,8.'9"
$ (x, y, z ∈ X) .>.- x = y J& y = z ./& x = z )1(+*+-(#- β :#*;-8;/;=&>.?1.(.'9
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# 1-4,&5&4,-4 ;'7/7(< x = x,&()=) 6&( ,-41'&1 %#2340353434 0-(5&4&4 ,- %&( ,-41'&1 %#2340353 ;',72747 >85?0-(&4&$) !"#$% 6;/ ;'@#"#4 %&( A 1A@-5& A$-(&4,-. β %&( ,-41'&1 %#2340353 &5-.
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β−1 = {(x, y) | (y, x) ∈ β}%#2340353434 ,# #"43 8$-'&1'-(& 5#2'#,32343 >850-(@-'&"&$)
x ∈ A ⇒ (x, x) ∈ β

⇒ (x, x) ∈ β−1

(x, y) ∈ β−1 ⇒ (y, x) ∈ β(β−1&' ()'*$*'+)',
⇒ (x, y) ∈ β (β-&$.(/&0 12+343'+)',
⇒ (y, x) ∈ β−1 (β−1&' ()'*$*'+)',
⇒ β−1, -&$.(/&0(&/

(

(x, y) ∈ β−1
)

∧
(

(y, z) ∈ β−1
)

⇒ ((y, x) ∈ β) ∧ ((z, y) ∈ β)

⇒ ((z, y) ∈ β) ∧ ((y, x) ∈ β)

⇒ (z, x) ∈ β

⇒ (x, z) ∈ β−1

⇒ β−1, 5.6&70.'+&/ ) 8.22 9):*2)/*% n 82-'& %&( 1A@-,- 0#43@'#4#%&'-
-1 ,-41'&1 %#23403'#(34345#"353,3() E(4-2&4.F#G X1 = {x1} 1A@-5&4,- 1 0#4- ,-41'&1 %#2340353 17(7'#%&'&()F%G X2 = {x1, x2} 1A@-5&4,- 2 0#4- ,-41'&1 %#2340353 17(7'#%&'&()F
G X3 = {x1, x2, x3} 1A@-5&4,- 5 0#4- ,-41'&1 %#2340353 17(7'#%&'&()F,G X4 = {x1, x2, x3, x4} 1A@-5&4,- 15 0#4- ,-41'&1 %#2340353 17(7'#%&'&()F-G X5 = {x1, x2, x3, x4, x5} 1A@-5&4,- 52 0#4- ,-41'&1 %#2340353 17(7'#?%&'&()F9G X6 = {x1, x2, x3, x4, x5, x6} 1A@-5&4,- 203 0#4- ,-41'&1 %#234035317(7'#%&'&()



 !"! #$%&'%()#$#(  !"#$ X7 = {x1, x2, x3, x4, x5, x6, x7} %&'()*+,( 877 -.+( ,(+%/*% 0.12+-2)2%343/.0*/*45"6$ X8 = {x1, x2, x3, x4, x5, x6, x7, x8} %&'()*+,( 4140 -.+( ,(+%/*% 0.12+7-2)2 %343/.0*/*45"*$ X9 = {x1, x2, x3, x4, x5, x6, x7, x8, x9} %&'()*+,( 21147 -.+( ,(+%/*%0.12+-2)2 %343/.0*/*45"8$ X10 = {x1, x2, x3, x4, x5, x6, x7, x8, x9, x10} %&'()*+,( 115975 -.+(,(+%/*% 0.12+-2)2 %343/.0*/*45 5559(+(/ :/.4.%; <(// ).=2/.42
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Bk=*+(/#(+"4(
34)*?($ @:4'&/& */( 03/3+345 !" #$%&'%()#$#(A5 B.4,(C/*% 0.12+-2)2+2+ 0*4 ,(+%/*% 0.12+-2)2 :/,313+3 #D)-(4*+*E5F5 A = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11} %&'()*+,( -.+2'/2;
β = {(x, y) : 4 | (x− y)}0.12+-2)2+2+ 0*4 ,(+%/*% 0.12+-2)2 :/,313+3 #D)-(4*+*E ?( ,(+%/*% )2+2G.42+203/3+3E5!5 H+./*-*% ,&E/(',(%* ,:143/.4 %&'()* &E(4*+,( ; !"#$"# 0.12+-2)2+2+ 0*4,(+%/*% 0.12+-2)2 :/'.,212+2 #D)-(4*+*E5I5 HC.12,.%* 0.12+-2/.4; A = {1, 2, 3} %&'()* &E(4*+,( -.+2'/2,245 <3+/.47,.+ 6.+#*/(4* ,(+%/*% 0.12+-2)2,24J K(+%/*% 0.12+-2)2 :/.+/.42+; ,(+%/*%)2+2G.42+2 =.E2+2E5".$ β1 = {(1, 1), (2, 2), (1, 2), (2, 1)}"0$ β2 = {(1, 1), (2, 2), (3, 3), (3, 1), (1, 3)}"
$ β3 = {(1, 1), (2, 2), (3, 3), (3, 1), (1, 2)}",$ β4 = {(1, 1), (2, 2), (3, 3)}L5 <*4 6.) ./- %&'(,( -.+2'/2 0*4 ,(+%/*% 0.12+-2)2; &)- %&'( &E(4*+,( ,( 0*4,(+%/*% 0.12+-2)2 '2,24J M(,(+JN5 <*4 6.) &)- %&'(,( -.+2'/2 ,(+%/*% 0.12+-2)2+2+; ./- %&'(=( ,.4./-2/'2C2,. 0*4 ,(+%/*% 0.12+-2)2 '2,24J M(,(+J
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(m,n) ∈ β ⇔ 5 | (m− n)1,23/43-3/3/ 1%& 0*/'+%' 1,23/43-3 6+0727/7 89-4*&%/%.# <*/'+%' -3/3=,&3/3;,.3/3.#># ?/,+%4%' 0(.+*)0*'% (@8*/+*& '()*-% (.*&%/0* 4,/3)+3 .# /#*$!% 1,23/543-3/3/ 1%& 0*/'+%' 1,23/43-3 6+0727/7 89-4*&%/%.#AB# ?/,+%4%' 0(.+*)0*'% (@8*/+*& '()*-% (.*&%/0* 4,/3)+3 #+$!% 1,23/43-3/3/1%& 0*/'+%' 1,23/43-3 6+0727/7 89-4*&%/%.#AA# $%& 6'7+0,'% 92&*/
%+*& ,&,-3/0,'% 0'*%'1'+ 2$3'0 1,23/43-3 1%& 0*/'+%'1,23/43-3 )303&D E*0*/DAF# ?;/3 1%& '()* (.*&%/0* 4,/3)+3 %'% 0*/'+%' 1,23/43-3/3/ ,&,'*-%4% 0* 1%&0*/'+%' 1,2343-3 )303&D E*0*/DAG# $%& 0*/'+%' 1,23/43-3/3/ 4*&-% 0* 1%& 0*/'+%' 1,23/43-3 )303&D E*0*/DA!# A = {1, 2, 3, 4, 5} '()*-% H*&%+%;6&# ?I,230,'%+*&0*/ J,/8%+*&% A '()*-%/%/1%& ,;&3I3)303&D E*0*/+*&%;+* ,@3'+,;3/3.K,L {{1, 2, 3}, {3, 4}, {5}}K1L {{1, 2, 5}, {3, 4}}K
L {{1, 2}, {3, 4, 5}}K0L {{1}, {3}, {4}, {5}}K*L {{2, 5}, {3}}KML {{1, 2, 4, 5}, {3, 4}}K8L {{1, 2, 5}, {1, 2}∩ {3}, {3, 4}}AN# A = {1, 2, 3} '()*-% (.*&%/0* *I%4+%' 1,23/43-3 {(1, 1), (2, 2), (3, 3)} 03&#O,2+,;3/3.#


