
β (!2-."-4- (%, +#.&*%& (!2-."-4-+-,B
x ∈ X ⇒ xβx 1!.4-$!*- ?C7D@

(x, y ∈ X ∧ xβy ⇒ yβx 4%$#",%& ?C7E@
(x, y, z ∈ X ∧ xβy ∧ yβz ⇒ xβz >#=%)&#. ?C7F@80) 0*$!1!. (%, A &:$#4% :3#,%.+# "!.-$*- (%, +#.&*%& (!2-."-4- β 0*49.7 (x, y) ∈

β %4# x %*# y A2#*#,%/ β +#.&*%& (!2-."-4-.! >A,#/ (%,(%,*#,%.# 0(".)'*/ +#.%*%, '#
x ≡ y x ≡ y ( mod β) 1! +! x ∼ y ?C7G@4%$>#*#,%.+#. (%,%4%1*# 1!3-*-,78!3!. 0("./'. "#,%$% 1#,%.# (-0(2(*/'. "#,%$% &9**!.-*-,7 !/ #012342 .5156785

β (!2-."-4-.! >A,#/ x A2#4%.# +#.& 0*!. (:":. A2#*#,+#. 0*9)!. !*" &:$#1#/ xA2#4%.%. 0("./'. #$"$3$& +%1##& '#
x , [x] , [x]βHH



 !  !"#$ %& '()*"+*  ,-.)/.",0."#$%&'&(#)*&) +#(#"#,'& %-".&(&&0#12 34)5 %-(&6
x̄ = [x] = [x]β = {y | (x, y) ∈ β} 7!289

= {y | xβy} 7!2:9,515+#'#(#12 !"#!$ %&'&(&  !" β# $%& %'()*)+ $!, X -.(/0! .1/,!+2/ $!, 2/+-'!- $)34+56404 !0/# β +4+ 2/+-'!- 04+47),4 X -.(/0!+!+ $!, )*,4&4(4+4 %'8&68,8,9 !!" :/,0!+/ %'),)-# X -.(/0!+!+ ;/, )*,4&4(4+) -),&4'4-# $8 )*,4&4(4 %'8&68,)+)'6 -.(/'/,! 2/+-'!- 04+47),4 %'),)- -)$8' /2/+ $!, 2/+-'!- $)34+6404 <),24,9;4<5(=*5<# -1&'#<'&(# >-,'& *& #?5*& &*&+#'#(#1@A2 X <B$&"#)#) C&( -0&"#6 +#( D& ,5')=15 +#( *&)<'#< "=)=?=)5 5#..#(2 34)5%-(& *&)<'#< "=)=E5(=)=) +#('&>#$# X <B$&"#)& &>#..#(@
X = ∪{x | x ∈ X}.F2 G<# *&)<'#< "=)=?= ,5 +#(+#('&(#)& &>#..#( ,5 *5 5,(=<.=('5(@

x, y ∈ X ⇒ [(x = y) ∨ (x ∩ y = ∅)]. !"#$%3#(#)# <="=$ #H#)6 β )=) *&)<'#< "=)=E5(= 5#'&"#)#)  !"#$  2A2A I5(5%(5?.5<#5,(=>=$ .5)=$=)*5 D&(*#0#$#1 7#96 7##96 7###9 D& 7#D9 <J>4''5(=)= "50'5*=0=)= %-".&(&K&0#12 β )=) C&(C5)%# +#( [x] *&)<'#< "=)=?=6 C#H *&0#'"&6 x -0&"#)# <5I"5*=0=)*5)
[x] 6= ∅ *=(2 L.& ,5)*5) X = ∪x∈X [x] J'*404 5I5H=<.=(2 3-,'&& 7##9 D& 7#D9-1&''#<'&(#)#) D5('=0= %-".&(#'$#> J'*42 7###9 -1&'#0#)# %-".&($&< #H#)6 [x] D& [y] %#+#C&(C5)%# #<# *&)<'#< "=)=?= 5'*=0=$=1*56 ,5 [x] = [y] ,5 *5 [x] ∩ [y] = ∅ J'*404)4%-".&($&$#1 ,&.&&<.#(2 M&(H&<.&)6

a ∈ [x] ∩ [y]⇒ aβx ∧ aβy ⇒ xβa ∧ aβy 7!2 9J'55<.=(2 N#$*#
∀b(b ∈ [x])⇒ b ∈ [y]⇒ [x] ⊂ [y] 7!2!9J'550=)= %-(&+#'#(#12 OB)<B b ∈ [x] *&$&< bβx *&$&<.#(2 L.& ,5)*5) xβyJ'*404)4 %-(*B<2 N4 C5'*&6

∀b(b ∈ [x])⇒ bβx ∧ xβy ⇒ bβy ⇒ b ∈ [y] 7!2P9*#(2 Q5$5$&) +&)1&( >&<#'*& [x] ⊃ [y] J'*404 *5 %-".&(#'#(2 N4 C5'*&6 5(5<&"#.'&(#+J> J'$5,5) C&( [x], [y] *&)<'#< "=)=E5) -1*&> J'5(5< &>#..#(2 3-,'&& .&J(&$#)#'< <="$=)= #"I5.'5$=> J'*4<2



 !"! #$%&'(& )(%(*'+,(  !"#$%#X &'$()#*#* +(,+-*.# /#, {Aα |α ∈ I} -0,121$1 3(,#4$#2 54)6*7 80,121$9-*1$1*- .:,(
α, β ∈ I ∧ α 6= β ⇒ Aα ∩Aβ = ∅ ;<=>?@54--B1*%-*7 +(,+-*.# /#, x ∈ X 3(,#4%#B#*%( x ∈ Aα 54--& 2(&#4%( /#, 9(& α ∈ I3-,%1,= C6*- .:,(7 X 'D(,#*%(

xγy ⇔ [∃α(α ∈ I)x, y ∈ Aα ;<=>>@/-B1*91)1*1 9-*1$4-0-41$7 γ *1* /#, %(*&4#& /-B1*91)1 54%6B6 3( γ *1* %(*&4#&)1*1E-,1*1* {Aα |α ∈ I} -#4()#*%(* #/-,(9 54%6B6 &54-0- .:,'4(/#4#,= !"#$ %&'&(& X &'$()# 'D(,#*%(&# /#, %(*&4#& /-B1*91)1 β 54)6*= β *1* F-,&41%(*&4#& )1*1E-,1*%-* 5462-* -#4(0(7X #* β 0- .:,(  !"# $%&'()* +(),-. %#0((&3( X/β #4( .:)9(,((B#DG 0-*#
X/β = {[x], [y], [z], . . .} = {[x] : x ∈ X} ;<=>H@%#,=)*"+,-+*>= A = {a, b, c, d} &'$()# 'D(,#*%(7

β = {(a, a), (b, b), (c, c), (d, d), ((b, c), (b, d), (c, b), (c, d), (d, c), (d, b)}/-B1*91)1*1* .,-IB#*# J#D#*#D= K(*&4#& /-B1*91)1 54%6B6*6 .:)9(,#*#D= K(*&L4#& )1*1E-,1*1 0-D1*1D=/&0()1 β /-B1*91)1*1* .,-IB# J#D#4#,)( 26*4-, +($(* .:,'4',M;-@ N:2(.(* /-B1*910- -#9 54%6B6*%-*7 β 0-*)1$-41%1,=;/@ C-B1*910- -#9 *5&9-4-,7 &:2(.(*( .:,( )#$(9,#& 54%6B6*%-*7 β )#$(9,#&L9#,=;@ O(, x, y, z ∈ A #J#*7
[((x, y) ∈ β) ∧ ((y, z) ∈ β)]⇒ (x, z) ∈ β54%6B6 .:,'4(/#4#,= P,*(B#*7
[((c, b) ∈ β) ∧ ((b, d) ∈ β)]⇒ (c, d) ∈ β%#,=

β *1* 0-4*1D- #&# %(*&4#& )1*1F1 3-,%1,M
a = {a}

b = {b, c, d}

b = c = d54%6B6*- %#&&-9 (%#*#D=



 !  !"#$ %& '()*"+*  ,-.)/.",0."#
β = {(2, 2), (2, 6), (4, 4), (6, 6), (4, 6), (6, 2), (6, 4), (2, 4), (4, 2)}$%&'()'('( *+%,&-(- .-/-(-/ 01 $-+ 21(34-3 $%&'()'5' 6427&7(7 *85)1+-(-/#91(34-3 5'(':%+'(' ;%/'('/# !"#$% <+%(%( $%&'()' A = {2, 4, 6} 3=>15- =/1+-(21 )%('>4'2'+# 2 = 4 =

6 6427&7(2%(? β ('( $-+ )13 21(34-3 5'('@' 0%+2'+A 2 = {2, 4, 6}#B# C3- 315+-( 1D-)4-&-(-?
(a

b
≡

c

d

)

⇔ (ad = bc)$%&'()'5' -41 )%('>4';6+7/# E7(7( $-+ 21(34-3 $%&'()'5' 6427&7(7 *85)1+-(-/# !"#$%F%G
(a

b
≡

a

b

)

⇔ (ab = ab)6427&7(2%( ≡ ;%(5'>%4'2'+#F$G
(a

b
≡

c

d

)

⇔ (ad = bc)⇔ (bc = ad)⇔
( c

d
≡

a

b

)6427&7(2%(? ≡ 5->1)+-3)-+#FG
(a

b
≡

c

d
)
)

∧

(

c

d
≡

e

f

)

⇔ (ad = bc) ∧ (cf = de)

⇔ (af = be)

⇔

(

a

b
≡

e

f

)6427&7(2%(? ≡ *1.-D31(2-+#I# <(%4-)-3 2=/41>213- $=)=( 26&+74%+'( 3=>15- =/1+-(21? ‖ 5->*15-;41 *85)1+1J1&->-/ K%+%4144-&-
x ‖ y ⇔ [(x = y) ∨ (x ∩ y = ∅] (3)$-.->-(21 )%('>4%;%4'># L%+%4144-3 $%&'()'5'('( $-+ 21(34-3 $%&'()'5' 6427&7(7*85)1+-(-/# !"#$% D? 2=/41>213- $=)=( 26&+74%+'( 3=>15- 6457(#
β = {(x, y) | (x, y ∈ D) ∧ (x ‖ y)}$%&'()'5'(' )%('>4%;%4'># β ('( $-+ 21(34-3 $%&'()'5' 6427&7(7 *8+>13 -.-(?&'()*$'+ ),$-./, 01 0-1,2$- 8/14-341+-(1 5%M-K 6427&7(7 *85)1+>14-;-/#



 !"! #$%&'(& )(%(*'+,(  !"#$ %&' ()*'+ ,&-(./.-& 0#'#1&1 )1(+*+-(#-2 x ∈ D ⇒ x ‖ x )1+'3 4#-.20#'#1&11.,  !"#$%! 56&1.*.-& /#7.08.'9":$ x ‖ y ⇒ y ‖ x )1(+*+-(#-2 0#'#1&11., :#*;-8;/; #&%'()&*(&)+"$ (x ‖ y ∧ y ‖ z)⇒ x ‖ z )1(+*+-(#-2 0#'#1&11., :#*;-8;/; =&>.?,&-(.'9@A61&B(& #4-; ()*'+18+4# /#7.0 )1#- ()*'+1#'3 4#-.2 :.':.'1&'.-& 0#'#1&1)1#- ()*'+1#'2 #4-; (&-,1., /;-;C; .>.-(&(.'1&'9 @A61&B(&2 /)-/+6 ()*'+18+)1(+*+ .>.-2 0#'#1&11., :#*;-8;/;-;- (&-,1., /;-;D#'; /)-/+6 >),1+,8#(;'9E9 F#B/#4;1#' ,AB&/. A6&'.-(& ,-!)*.!)$ /&-( 0.!".!) '1(&), :#*;-8;/; :.' (&-,G1., :#*;-8;/;(;'9H+-+ =5'B&, .>.-2 F#B/#4;1#' IAB&/.-. Z .1& =5/8&'&1.B J& Z A6&'.-(&2
β = {(m,n) | (m− n) >.C88.'}:#*;-8;/;-; 8#-;B1#4#1;B9 β -;- 4#-/;B#1;2 /.B&8'., J& =&>.?1. )1(+*+-+=5/8&'&1.B9"#$ n ∈ Z⇒ n− n = 0 >.C88.'9 K 7#1(&2 β 4#-/;B#1;(;'9":$ (m,n ∈ Z)∧(m−n) >.C8 ./& (n−m) (& >.C8 )1##*;-(#-2 β /.B&8'.,8.'9"$ (m,n, r ∈ Z) .>.-(m− n) >.C8 J& (n− r) >.C8 ./& (m− r) = (m− n) +

(n− r) (& >.C8 )1##*;-(#-2 β =&>.?1.(.'9
(m,n) ∈ β ⇔ m−n = >.C8 )1#:.1B&/. .>.-2 m,n 8#B/#4;1#';-;- 7&' .,./. (&#4-; 6#B#-(# 4# >.C8 4# (# 8&, )1B#1;(;'9 L41&4/&2 β :#*;-8;/;-# =5'& 8&,/#4;1#' :.':.'1&'.-& (&-,3 >.C8 /#4;1#' :.':.'1&'.-& (&-,8.'9 H.' 8&, /#4; .1&:.' >.C8 /#4; #4-; (&-,1., /;-;C;-(# )1#B#61#'9 L41&4/&2 β 4# =5'&2 4#1-;6#.,. (&-,1., /;-;C; J#'(;'M

0 = {. . . ,−8,−6,−4,−2, 0, , 2, 4, 6, 8, . . .}

1 = {. . . ,−9,−7,−5,−3,−1, 1, 3, 5, 7, 9 . . .}N9 %&'7#-=. :.' ,AB& A6&'.-(&,. &?.81.,2 :.' (&-,1., :#*;-8;/;(;'9
X :)? )1B#4#- :.' ,AB& )1/+-9 H+-+- A6&'.-(&2

β = {(x, y) | x = y }:#*;-8;/;-;- :.' (&-,1., :#*;-8;/; )1(+*+-+ =5/8&'B&1.4.69O?.81., H&1.8.P-(&-2"#$ %&' 5*& ,&-(./.-& &?.88.'3 4#-. x ∈ X ⇒ x = x )1(+*+-(#- β :#*;-8;/;4#-/;B#1;(;'9":$ (x, y ∈ X) J& x = y ./& y = x )1(+*+-(#- β :#*;-8;/; /.B&8'.,8.'9"$ (x, y, z ∈ X) .>.- x = y J& y = z ./& x = z )1(+*+-(#- β :#*;-8;/;=&>.?1.(.'9



 !  !"#$ %& '()*"+*  ,-.)/.",0."#$#%&'&(&$)* +#',-. -/&0'&1 %#2340353 %&( ,-41'&1 %#2340353,3()67 8(4-10-. %&( x 82-5&4&4 ,-41'&1 534393. "#'43$# 1-4,&5&4,-4 ;'7/7(< x = x,&()=) 6&( ,-41'&1 %#2340353434 0-(5&4&4 ,- %&( ,-41'&1 %#2340353 ;',72747 >85?0-(&4&$) !"#$% 6;/ ;'@#"#4 %&( A 1A@-5& A$-(&4,-. β %&( ,-41'&1 %#2340353 &5-.
β "#453@#'3. 5&@-0(&1 B- >-C&/1-4,&() D&@,&. %7474 0-(5& ;'#4

β−1 = {(x, y) | (y, x) ∈ β}%#2340353434 ,# #"43 8$-'&1'-(& 5#2'#,32343 >850-(@-'&"&$)
x ∈ A ⇒ (x, x) ∈ β

⇒ (x, x) ∈ β−1

(x, y) ∈ β−1 ⇒ (y, x) ∈ β(β−1&' ()'*$*'+)',
⇒ (x, y) ∈ β (β-&$.(/&0 12+343'+)',
⇒ (y, x) ∈ β−1 (β−1&' ()'*$*'+)',
⇒ β−1, -&$.(/&0(&/

(

(x, y) ∈ β−1
)

∧
(

(y, z) ∈ β−1
)

⇒ ((y, x) ∈ β) ∧ ((z, y) ∈ β)

⇒ ((z, y) ∈ β) ∧ ((y, x) ∈ β)

⇒ (z, x) ∈ β

⇒ (x, z) ∈ β−1

⇒ β−1, 5.6&70.'+&/ ) 8.22 9):*2)/*% n 82-'& %&( 1A@-,- 0#43@'#4#%&'--1 ,-41'&1 %#23403'#(34345#"353,3() E(4-2&4.F#G X1 = {x1} 1A@-5&4,- 1 0#4- ,-41'&1 %#2340353 17(7'#%&'&()F%G X2 = {x1, x2} 1A@-5&4,- 2 0#4- ,-41'&1 %#2340353 17(7'#%&'&()FG X3 = {x1, x2, x3} 1A@-5&4,- 5 0#4- ,-41'&1 %#2340353 17(7'#%&'&()F,G X4 = {x1, x2, x3, x4} 1A@-5&4,- 15 0#4- ,-41'&1 %#2340353 17(7'#%&'&()F-G X5 = {x1, x2, x3, x4, x5} 1A@-5&4,- 52 0#4- ,-41'&1 %#2340353 17(7'#?%&'&()F9G X6 = {x1, x2, x3, x4, x5, x6} 1A@-5&4,- 203 0#4- ,-41'&1 %#234035317(7'#%&'&()



 !"! #$%&'%()#$#(  !"#$ X7 = {x1, x2, x3, x4, x5, x6, x7} %&'()*+,( 877 -.+( ,(+%/*% 0.12+-2)2%343/.0*/*45"6$ X8 = {x1, x2, x3, x4, x5, x6, x7, x8} %&'()*+,( 4140 -.+( ,(+%/*% 0.12+7-2)2 %343/.0*/*45"*$ X9 = {x1, x2, x3, x4, x5, x6, x7, x8, x9} %&'()*+,( 21147 -.+( ,(+%/*%0.12+-2)2 %343/.0*/*45"8$ X10 = {x1, x2, x3, x4, x5, x6, x7, x8, x9, x10} %&'()*+,( 115975 -.+(,(+%/*% 0.12+-2)2 %343/.0*/*45 5559(+(/ :/.4.%; <(// ).=2/.42
Bn+1 =

n
∑

k=0

(n

k
)

Bk=*+(/#(+"4(34)*?($ @:4'&/& */( 03/3+345 !" #$%&'%()#$#(A5 B.4,(C/*% 0.12+-2)2+2+ 0*4 ,(+%/*% 0.12+-2)2 :/,313+3 #D)-(4*+*E5F5 A = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11} %&'()*+,( -.+2'/2;
β = {(x, y) : 4 | (x− y)}0.12+-2)2+2+ 0*4 ,(+%/*% 0.12+-2)2 :/,313+3 #D)-(4*+*E ?( ,(+%/*% )2+2G.42+203/3+3E5!5 H+./*-*% ,&E/(',(%* ,:143/.4 %&'()* &E(4*+,( ; !"#$"# 0.12+-2)2+2+ 0*4,(+%/*% 0.12+-2)2 :/'.,212+2 #D)-(4*+*E5I5 HC.12,.%* 0.12+-2/.4; A = {1, 2, 3} %&'()* &E(4*+,( -.+2'/2,245 <3+/.47,.+ 6.+#*/(4* ,(+%/*% 0.12+-2)2,24J K(+%/*% 0.12+-2)2 :/.+/.42+; ,(+%/*%)2+2G.42+2 =.E2+2E5".$ β1 = {(1, 1), (2, 2), (1, 2), (2, 1)}"0$ β2 = {(1, 1), (2, 2), (3, 3), (3, 1), (1, 3)}"$ β3 = {(1, 1), (2, 2), (3, 3), (3, 1), (1, 2)}",$ β4 = {(1, 1), (2, 2), (3, 3)}L5 <*4 6.) ./- %&'(,( -.+2'/2 0*4 ,(+%/*% 0.12+-2)2; &)- %&'( &E(4*+,( ,( 0*4,(+%/*% 0.12+-2)2 '2,24J M(,(+JN5 <*4 6.) &)- %&'(,( -.+2'/2 ,(+%/*% 0.12+-2)2+2+; ./- %&'(=( ,.4./-2/'2C2,. 0*4 ,(+%/*% 0.12+-2)2 '2,24J M(,(+J



 !  !"#$ %& '()*"+*  ,-.)/.",0."# $%& '()*+*& ,%+*-% (.*&%/0*  !#$!% &'()$'*) ) #+!,$!-! 1,23/43-3/3/ 1%& 0*/'5+%' 1,23/43-3 6+0727/7 89-4*&%/%.# # :,)-,;3+,& '()*-% (.*&%/0*
(m,n) ∈ β ⇔ 5 | (m− n{1, 2, 3, 4, 5} '()*-% H*&%+%;6&# ?I,230,'%+*&0*/ J,/8%+*&% A '()*-%/%/1%& ,;&3I3)303&D E*0*/+*&%;+* ,@3'+,;3/3.K,L {{1, 2, 3}, {3, 4}, {5}}K1L {{1, 2, 5}, {3, 4}}KL {{1, 2}, {3, 4, 5}}K0L {{1}, {3}, {4}, {5}}K*L {{2, 5}, {3}}KML {{1, 2, 4, 5}, {3, 4}}K8L {{1, 2, 5}, {1, 2}∩ {3}, {3, 4}}AN# A = {1, 2, 3} '()*-% (.*&%/0* *I%4+%' 1,23/43-3 {(1, 1), (2, 2), (3, 3)} 03&#O,2+,;3/3.#


