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 !  !"#$ %& '()*"*$*  *+(,-("*)( !"#$ %&'&(& "#$ #%&'(') *+, A -.&/0+ .1/,+)2/ 3')4&%4 *+, � *'54)3404 6/7,+%0+)8'8 x ∈ X ⇒ x � x*8 (x, y ∈ X ∧ x 6= y ∧ x � y ⇒ ¬(y � x)
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/5+18*+",-.,+H8 A = {1, 2, 3, 4, 5, 6, 7, 8, 9} -.&/0+)2/ 3')4&%4B

β = {(x, y) : x | y}*'54)3404)4) *+, -40&>4 04,'%'&' *'54)3404 #%2=5=)= D:03/,+)+186273#8 β )4) (')04&'%4B ')3+0+&/3,+- 6/ D/C+$-/) #%2=5=)= D:03/,&/%+(+18F'I M/, 3'&0'(4 -/)2+0+)+ 3'& *:%/,8 N ;'%2/B
∀x ∈ A ⇒ x | x ⇒ (x, x) ∈ β ⇒ β 1,/"!#,)!9!+:F*I O,)/5+)B 3 | 6 24,L '&' 6 6| 3 2.,8 "=)= D/)/% #%','- ('1',0'-B

(x 6= y) ∧ (x, y ∈ A) ∧ (x | y) ⇒ (y 6| x) ⇒ β ,/&'"'#(&+' &'+#%=,8F
I O,)/5+)B
(2, 4, 8 ∈ A) ∧ (2 | 4) ∧ (4 | 8) ⇒ (2 | 8)2+,8 "=)= D/)/% #%','- ('1',0'-B

(x, y, z ∈ A) ∧ (x | y) ∧ (y | z) ⇒ (x | z) ⇒ β ;(<'= (/9'+#%=,8
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'9. @.-. -.);'( 60# 7-*?*( %0(%1? %*4$;*" 0+*-.+.)+')2O2 A #3&'%.(.( .(P < %1B< &.(.&1& :' &*#%.&1& 89'+'). 5.6 0+&*4*-.+.)Q*&* :*) .%'+') /'# 0+1)+*)2 2 (X,�)" /*& %$)*+$ .%' A #3&'%.(.( &.(.&*+ 89'%. .+' &.(.&1&1 *4($;$)2D!2 (X,�)" /*& %$)*+$ .%' A #3&'%.(.( &*#%.&*+ 89'%. .+' &*#%.&1&1 *4($;$)2DD2 (X,�)" .4. %$)*+$ .%' A #3&'%.(.( &.(.&*+ 89'%.< &.(.&1&1 :' .(M&1&16*#$,$) :' ;*.&* :*);$)2,+"-./-+D2 A = {1, 2, 3, 4, 5, 6, 7, 8, 9} #3&'%.(;' /*($&+$

� = {(x, y) | x ≤ y}-*9$(/$%$($( -.) /*& %$)*+*&* -*9$(/$%$ 0+;191(1 @8%/').(.?2



 !"! #$# %&'()(*(  ! !"#$% � "#$%&'%(%&%& )#&(%*#+%, #&'-(-*.'/-0, 1.2-30.& 4. 5/16& 7+89$9&915('./*.+-)-:; <9&+#/, ≤ "#$%&'%(%&%& 1./2.0 (#)%+#/ 06*.(- 6:./-&8.0-5:.+-0+./8.& 2%0#/; =#'.&, � "#$%&'%(%, (#)%+#/8#0- ≤ "#$%&'%(%&%& (7)9'06*.+./. 1.&-3+.'-+*.(-&8.& "#30# "-/ 3.) 8.$-+8-/; >7+#)%(%)+#, 5:.+ 7+#/#0,(#)%+#/# 9)19+#&8%$%&8# ≤ "#$%&'%(%&# 8.&0 7+9/; <9&9 #3#$%8#0- 1./.0?'-/*.+./8.& 07+#)
# 15/."-+-/-:;
x ∈ A ⇒ x = x

⇒ (x = x) ∨ (x < x)

⇒ x ≤ x

⇒ x � x

⇒ � &'()*$'+*,*-.
(x, y ∈ A) ∧ (x 6= y) ∧ (x ≤ y) ⇒ (x > y)

⇒ (y 6≤ x)

⇒ y 6� x

⇒ � '(/0)0$1/-02/0-.
(x, y, z ∈ A) ∧ (x ≤ y) ∧ (y ≤ z) ⇒ (x ≤ z)

⇒ (x � z)

⇒ � 3140521(,0-.
x, y ∈ A ⇒ (x < y) ∨ (x = y) ∨ (x > y)

⇒ (x ≤ y) ∨ (x ≥ y)

⇒ (x ≤ y) ∨ (y ≤ x)

⇒ (x � y) ∨ (y � x)

⇒ � !-3#(,#-.A; A = {1, 2, 3} 06*.(- 6:./-&8. '#&%*+%,
β = {(1, 1), (2, 2), (3, 3), (1, 2), (1, 3), (2, 3)}"#$%&'%(%&%& "-/ '#* (%/#+#*# "#$%&'%(% 7+89$9&9 15('./-&-: 4. 1/#B$-&-2-:-&-:; !"#$%C#D β "#$%&'%(%, 053.1.&- -2./8-$- -2-&)#&(%*#+%8%/;C"D E53.1.& 8%3%&8#, 053.1.&. 15/.(-*.'/-0 7+#& &70'#+#/ -2./*.8-?$-&8.&, #&'-(-*.'/-0'-/;



 !  !"#$ %& '()*"*$*  *+(,-("*)("
$ x, y, z ∈ β %&'(
((x, y) ∈ β) ∧ ((y, z) ∈ β) ⇒ (x, z) ∈ β)*+,-,.,( /'0 1%0 2-' 3%45% %3%. 5'6 5'6 720'1%*%0%89"+$ :;<'=' >%5 /'0 2-' 3%45% <,6>='&' '+%*'1%*<'65'+%09? />*+'( β 1%0 5>< &@0>*><> 1>-@.5@&@+@09 A>-@.5@.@. 70>B-% =,6>0@+> 3%8%*<%C5%09D@0>*><> 1>-@.5@*>0@.@. 70>B6*'0%.%.( 62C'7'.%. =>*.@8 1%0 5>0>4@.+> 6>*+@-@.>+%66>5 '+%.%89E9

β = {(a, a), (b, b), (c, c), (a, b), (a, c), (b, c)}1>-@.5@&@.@. 5;0;.; &2=*'=%.%89 F0>B-%.% 3%8%.%89  !"#$% A>-@.5@ AG H >(1(
 I6;<'&% ;8'0%.+' 5>.@<*@+@09 J>.K&@<>*@( >.5%&%<'50%6( 7'3%C6'. L'207;. )*+,-, 6)*>=
> 720;*;09? />*+'( β 1>-@.5@&@ 1%0 ./0123/4/0/ 1>-@.5@&@+@09M9  !"#$%  &'(#()(*&A%*7%&>=>0*>0@.( 3)6 1;=;6 L'0%*'0% 1;=;6 1%0 /@8*> L' +)-0, )*>0>6 &@0>K*>+@-@.@ 1%*%=)0&,.,89 A%*7%&>=>0*>0( &@0>*><> %C*'<%.% =>N>06'.( =,6>0@+>&2=*'+%-%<%8 6,0>**>0> ,=>. N0)70><*>0@ 6,**>.@09 A%*7%&>=>0*> 1%0 &28*;6K5'6% &28
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a ≺ d ⇒  !"! #$ ≺  !"%&$<19
90;?#5@'42'( >=$= >'# 0=#91 <19#90( 49;%49;'0+%1 +%4><11%#1% A9-91?45

x � y ⇔ (a1 ≺ b1) ∨

[(a1 = b1) ∧ (a2 ≺ b2)] ∨

[(a1 = b1) ∧ (a2 = b2) ∧ (a3 ≺ b3)] ∨

[(a1 = b1) ∧ (a2 = b2) ∧ (a3 = b3) ∧ (a4 ≺ b4)] ∨

· · ·

[(a1 = b1) ∧ (a2 = b2) ∧ · · · ∧ (an−1 = bn−1) ∧ (an ≺ bn] !" #$%&'%()#$#(B5 A = {3, 5, 6, 10, 12} 0/4%+' /-%#'$2% ;9$?41?(
β = {(3, 3), (3, 6), (3, 12), (5, 5), (5, 10), (6, 6), (6, 12), (10, 10)}>9&?$;?+?(C9D 2%$01'0 >9&?$;?+? 4?2?#EC>D 0?+4F? +?#91949 >9&?$;?+? 4?2?#EC
D >'# ;94 +?#91949 >9&?$;?+? 4?2?#EG%2%$1%#'A1% 97?019A?$?-5H5 B = {3, 5, 6, 7, 8, 12} 0/4%+' /-%#'$2% ;9$?41? β = {(x, y)|x ≤ y} >9&?$;?+?(C9D 2%$01'0 >9&?$;?+? 4?2?#EC>D 0?+4F? +?#91949 >9&?$;?+? 4?2?#EC
D ;94 +?#91949 >9&?$;?+? 4?2?#EG%2%$1%#'A1% 97?019A?$?-5!5 C = {1, 3, 5, 7, 9, 11, 13, 15} 0/4%+' /-%#'$2% β = {(x, y) | x|y } >9&?$;?+?(C9D 2%$01'0 >9&?$;?+? 4?2?#EC>D 0?+4F? +?#91949 >9&?$;?+? 4?2?#EC
D >'# ;94 +?#91949 >9&?$;?+? 4?2?#EG%2%$1%#'A1% 97?019A?$?-5I5 A = {0, 1, 2, 4, 6} 0/4%+'$2% ;9$?41? 939&?290' >9&?$;?19#?$ ;/#1%#'$' >%1'#J;'$'-5



 !  !"#$ %& '()*"*$*  *+(,-("*)("#$ β1 = {(0, 0), (1, 1), (2, 2), (4, 4), (6, 6), (2, 4)}"%$ β2 = {(0, 0), (1, 1), (2, 2), (4, 4), (2, 6), (6, 4)}"
$ β3 = {(1, 1), (2, 2), (4, 4), (6, 6), (4, 6), (6, 4)}"'$ β4 = {(0, 0), (1, 1), (2, 2), (4, 4), (6, 6)}() D = {2, 4, 12, 24} *+,-./ +0-1/2'- β = {(x, y) | x|y } %#34254.46"#$ '-2*7/* %#34254.4 ,4'418"%$ *4.,94 .41#7#,# %#34254.4 ,4'418"
$ %/1 5#, .41#7#,# %#34254.4 ,4'418:-'-27-1/;7- #<4*7#;4240)=) >0-1/2'- ?0?27?* 5#24,74 %/1 *+,- +0-1/2'-  !"#" $%&" !'()*!)+ %#342@54.42426 %/1 5#, .41#7#,# %#34254.4 A7'?3?2? BC.5-1/2/0)" DA7 EC.5-1,-FG+,- +0-1/2'-6 Hx � y ⇔ x, y !', $%&" !'()*!)+H %#34254.424 5#24,7#;4240)I) J/1 *-255- ;#K#;#2 /2.#27#1 *+,-./ +0-1/2'-6
β = {(x, y) | x, y ,), "-*"&%!%+}%#34254.46"#$ '-2*7/* %#34254.4 ,4'418"%$ *4.,94 .41#7#,# %#34254.4 ,4'418"
$ %/1 5#, .41#7#,# %#34254.4 ,4'418:-'-27-1/;7- #<4*7#;4240)L) A = {1, 2, 3, 5, 7} *+,-./2'- 5#24,74 β = {(x, y) : x | y} %#34254.42425+1+2+ %-7/15/2/0) ) J/1 A *+,-./ +0-1/2'- 5#24,74 %/1 β %#34254.4 M-1/7/;A1)"#$ β %/1 *4.,94 .41#7#,# %#34254.4 /.- β−1 '- %/1 *4.,94 .41#7#,# %#34254.4A7?1 ,?8 :-'-28"%$ β %/1 5#, .41#7#,# %#34254.4 /.- β−1 '- %/1 5#, .41#7#,# %#34254.4A7?1 ,?8 :-'-28NO) A 242 %/1 P#. #75 *+,-./2'- 5#24,74 %/1 5#, .41#7#,# %#34254.46 A +0-1/2'-'- %/1 5#, .41#7#,# %#34254.4 A7?1 ,?8 :-'-28NN) J/1 *+,- +0-1/2'- 5#24,74 /*/ *4.,94 .41#7#,# %#34254.4242 #1#*-./5/ '- %/1*4.,94 .41#7#,# %#3454.4 ,4'418 :-'-28


